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1 Introduction 



The reader should see [K] for the descriptive set theoretic notation used in this paper. The standard 
way of comparing the topological complexity of subsets of O-dimensional Polish spaces is the Wadge 
reducibility quasi-order <w- Recall that if X (resp., Y) is a O-dimensional Polish space and A (resp., 
B) a subset of X (resp., Y), then 

(X,A) < w (Y,B) 3f:X^Y continuous such that A = f~ 1 (B). 

This is a very natural definition since the continuous functions are the morphisms for the topological 
structure. So the scheme is as follows: 



A - 




-> B 


-.4 - 





The "O-dimensional" condition is here to ensure the existence of enough continuous functions (the 
only continuous functions from R into lo w are the constant functions, for example). In the sequel, T 
will be a class of Borel subsets of O-dimensional Polish spaces. We denote by T := {pA \ A <G T} 
the class of complements of elements of T. We say that T is self -dual if V = f . We also set 
A(r) :=T n f . Following 4.1 in [Lo-SR2], we give the following definition: 

Definition 1.1 We say that Y is a Wadge class of Borel sets if there is a Borel subset Aq of uj u 
such that for each O-dimensional Polish space X, and for each A C X, A is in V if and only if 
(X, A) <yy Aq). We say that Aq is T-complete. 

The Wadge hierarchy defined by <w, i.e., the inclusion of Wadge classes, is the finest hierarchy 
of topological complexity in descriptive set theory. The goal of this paper is to study the descriptive 
complexity of the Borel subsets of products of Polish spaces. More specifically, we are looking for 
a dichotomy of the following form, quite standard in descriptive set theory: either a set is simple, or 
it is more complicated than a well-known complicated set. Of course, we have to specify the notions 
of complexity and comparison we are considering. The two things are actually very much related. 
The usual notion of comparison between analytic equivalence relations is the Borel reducibility quasi- 
order <b- Recall that if X (resp., Y) is a Polish space and E (resp., F) an equivalence relation on 
X (resp., Y), then (X, E) < B (Y,F) 3f:X->Y Borel such that E = (/ x f)~ 1 (F). Note 
that this makes sense even if E and F are not equivalence relations. The notion of complexity we are 
considering is a natural invariant for <b in dimension 2. Its definition generalizes Definition 3.3 in 
[Lo3] to any dimension d making sense in the context of descriptive set theory, and also to any class 
r. So in the sequel d will be a cardinal, and we will have 2 < d < oj since 2 W1 is not metrizable. 

Definition 1.2 Let (Xj)j G d be a sequence of Polish spaces, and B a Borel subset ofH^d Xi. We 
say that B is potentially in T (denoted B € pot(T)^ if for each i€d, there is a finer O-dimensional 
Polish topology Tj on Xi such that B € T(jli e d (JQ, t^)). 

One should emphasize the fact that the point of this definition is to consider product topologies. 
Indeed, if B is a Borel subset of a Polish space X, then there is a finer Polish topology r on X such 
that B is a clopen subset of (X, r) (see 13.1 in [K]). This is not the case in products: if for example T 
is a non self-dual Wadge class of Borel sets, then there are sets in r((u; w ) 2 ) that are not pot(r) (see 
Theorem 3.3 in [LI]). For example, the diagonal of oj w is not potentially open. 
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Note also that since we work up to finer Polish topologies, the "O-dimensional" condition is not 
a restriction. Indeed, if X is a Polish space, then there is a finer O-dimensional Polish topology on 
X (see 13.5 in [K]). The notion of potential complexity is an invariant for <b in the sense that if 
(X, E) < B {Y, F) and F is pot(r), then E is pot(r) too. 

The good notion of comparison is not the rectangular version of Instead of considering a 
Borel set E and its complement, we have to consider pairs of disjoint analytic sets. This leads to the 
following notation. Let (li)jgd be sequences of Polish spaces, and An, A\ (resp., Bq, B\) 

disjoint analytic subsets of iljg^ Xj (resp., Yi). Then 

((Xi) ied , A Q , A x ) < ((Yi) ied ,Bn,Bx) Mied 3/j : X; ->■ continuous such that 

VeG2 AeQilliedfi)- 1 ^). 

So the good scheme of comparison is as follows: 



An 



Ax 



Bn 



Bi 



The notion of potential complexity was studied in [L1]-[L7] for d = 2 and the non self-dual Borel 
classes. The main question of this long study was asked by A. Louveau to the author in 1990. A. 
Louveau wanted to know whether Hurewicz's characterization of Gs sets could be extended to pot(r) 
sets when T is a Wadge class of Borel sets. The main result of this paper gives a complete and positive 
answer to this question: 

Theorem 1.3 Let Y be a Wadge class of Borel sets, or the class A^/or some 1 < £ < w\. Then there 
are Borel subsets S°, S 1 of (d w ) d such that for any sequence of Polish spaces (Xi) ied , and for any 
disjoint analytic subsets An, Ax ofH^d Xj, exactly one of the following holds: 

(a) The set An is separable from Ax by a potiY) set. 

(b) The inequality ((d w ) ied , S°, S 1 ) < ((Xj) ied , A , Ax) holds. 

It is natural to try to prove Theorem 1.3 since it is a result of continuous reduction, which appears 
in the very definition of a Wadge class. So it goes beyond a simple generalization. The work in this 
paper is the continuation of the article [L7], that was announced in [L6]. We generalize the main 
results of [L7]. The generalization goes in different directions: 

- It works in any dimension d. 

- It works for the self-dual Borel classes A°. 

- It works for any Wadge class of Borel sets, which is the hardest part. 

We generalize, and also in fact give a new proof of the dimension 1 version of Theorem 1.3 
obtained by A. Louveau and J. Saint Raymond (see [Lo-SRl]), which itself was a generalization 
of Hurewicz's result. The new proof is without games, and gives a new approach to the study of 
Wadge classes. Note that A. Louveau and J. Saint Raymond proved that if T is not self-dual, then the 
reduction map in (b) can be one-to-one (see Theorem 5.2 in [Lo-SR2]). We will see that there is no 
injectivity in general in Theorem 1.3. However, G. Debs proved that we can have the /j's one-to-one 
when d=2, Tg {11°, and £ > 3. Some injectivity details will be given in the last section. 
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We introduce the following notation and definition in order to specify Theorem 1.3. One can 
prove that a reduction on the whole product is not possible, for acyclicity reasons (see [L5]-[L7]). 
We now specify this. We emphasize the fact that in this paper, there will be a constant identification 
between (d d ) 1 and (d l ) d , for I <uj, to avoid as much as possible heavy notation. 

Notation. If X is a set, then x := (xi)i^ d is an arbitrary element of X d . If TC X d , then we denote by 
G T the graph with set of vertices T, and with set of edges {{x,y}^T \ x^y and 3ied Xi = yi] 
(see [B] for the basic notions about graphs). So x ^ y G T are G r -related if they have at least one 
coordinate in common. 

Definition 1.4 (a) We say that T is one-sided if the following holds: 

Vx^yGT Vi^jed (x, ^y* V xj ^yj). 

This means that if x^y£T, then they have at most one coordinate in common. 

(b) We say that T is almost acyclic if for every G^ -cycle (x^) n <L there are i£d and k <m<n< L 
such that x\ = x™ = xf. This means that every G T -cycle contains a "flat" subcycle, i.e., a subcycle 
in a single direction i£d. 

(c) We say that a tree T on d d is a tree with suitable levels if the set T l :=Tn (d d ) 1 C (d l ) d is finite, 
one-sided and almost acyclic for each integer I. 

We do not really need the finiteness of the levels, but it makes the proof of Theorem 1.3 much 
simpler. The following classical property will be crucial in the sequel: 

Definition 1.5 We say that Y has the separation property if for each A,B£ r(w w ) disjoint, there 
is Ce A(r)(w w ) separating A from B. 

The separation property has been studied in [S] and [vW], where the following is proved: 

Theorem 1.6 (Steel-van Wesep) Let V be a non self-dual Wadge class ofBorel sets. Then exactly one 
of the two classes Y, Y has the separation property. 

We now specify Theorem 1.3. 

Theorem 1.7 We can find a tree with suitable levels, together with, for each non self-dual Wadge 
class ofBorel sets Y, 

(1) Some set Sp G Y( \T d ] ) not separable from \T d ] \Sp by a pot(Y) set. 

(2) If moreover Y does not have the separation property, and Y = S° or A(T) is a Wadge class, some 
disjoint sets S r , S r <G Y( \T^\ ) not separable by a pot(A(Y)) set. 

Theorem 1.8 Let T d be a tree with suitable levels, Y a non self-dual Wadge class of Borel sets, 
(Xi) iG( i a sequence of Polish spaces, and Aq, A\ disjoint analytic subsets ofHi e d X{. 

(1) Let S G r([iy|) not separable from \Tj] \ S by a pot(Y) set. Then exactly one of the following 
holds: 

(a) The set Aq is separable from A\ by a pot(Y) set. 

(b) The inequality [{df) i&d , S, \T d ]\S) < ((Xi) ied ,A ,Ai) holds. 
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(2) Assume moreover that T does not have the separation property, and that Y = or A(r) is a 
Wadge class. Let S°, S 1 € T( \Td\ ) disjoint not separable by a po?(A(r)) set. Then exactly one of the 
following holds: 

(a) The set Aq is separable from A\ by a pot(A(T)} set. 

(b) The inequality ((d^)^, S°, S 1 ) < ( (Xi) ied , Aq, A±j holds. 

We now come back to the new approach to the study of Wadge classes mentioned earlier. There 
are a lot of dichotomy results in descriptive set theory about equivalence relations, quasi-orders or 
even arbitrary Borel or analytic sets. So it is natural to ask for common points to these dichotomies. 
B. Miller's recent work goes in this direction. He proved many known dichotomies without effective 
descriptive set theory, using variants of the Kechris-Solecki-Todorcevic dichotomy about analytic 
graphs (see [K-S-T]). Here we want to point out another common point, of effective nature. In these 
dichotomies, the first possibility of the dichotomy is equivalent to the emptyness of some S\ set. For 
example, in the Kechris-Solecki-Todorcevic dichotomy, the i7 1 1 set is the complement of the union 
of the A\ subsets discrete with respect to the S\ graph considered. We prove a strengthening of 
Theorem 1.8 in which such a E\ set appears. We will state in Case (1), unformally. Before that, we 
need the following notation. 

Notation. Let X be a recursively presented Polish space. We denote by Ax the topology on X 
generated by A\{X). This topology is Polish (see (hi) =>■ (i) in the proof of Theorem 3.4 in [Lo3]). 
The topology t\ on (u UJ ) d will be the product topology A d u . 

Theorem 1.9 Let T d be a tree with A\ suitable levels, T a non self -dual Wadge class of Borel sets 
with a A\ code, Aq, A\ disjoint S\ subsets of(oj LJ ) d , and S G T( \T^\ ) not separable from [T^] \S by 
a pot(T) set. Then there is a S\ subset R of(ui UJ ) d such that the following are equivalent: 

(a) The set Aq is not separable from A\ by a pot(T) set. 

(b) The set Aq is not separable from A\ by a A\ n potiY) set. 

(c) The set Aq is not separable from A\ by a f (n) set. 

(d) R^t 

(e) The inequality ((d") ied ,S, \T d ]\S) < ((w w ) ied , A , A x ) holds. 

This S\ set R is build with topologies based on t\. The use of the T,\ set R is the new approach 
to the study of Wadge classes. 

We first prove Theorems 1.7 and 1.8 for the Borel classes, self-dual or not. Then we consider 
the case of the Wadge classes. In Section 2, we start proving Theorem 1.7. We construct a concrete 
example of a tree with suitable levels, and we give a general condition to get some complicated sets 
as in the statement of Theorem 1.7. We actually reduce the problem to a problem in dimension one. 
In Section 3, we prove Theorem 1.7 for the Borel classes. In Section 4, we prove Theorem 1.8 for 
the Borel classes, using some tools of effective descriptive set theory and the representation theorem 
of Borel sets proved in [D-SR]. In Section 5, we prove Theorem 1.7, using the description of Wadge 
classes in [Lo-SR2]. In Section 6, we prove Theorems 1.3, 1.8 and 1.9. Finally, in Section 7, we give 
some injectivity complements. 
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2 A general condition to get some complicated sets 

We now build an example of a tree with suitable levels. This tree has to be small enough since we 
cannot have a reduction on the whole product. But as the same time it has to be big enough to ensure 
the existence of complicated sets, as in Theorem 1.7. 

Notation. Let b : uj —> uj 2 be the natural bijection. More precisely, we set, for I G u, 



Then we define b(l) = ((l)o, '■= {M(l) — l+(Ek<M(i) &!M — (^fc<M(z) k)). One can check that 
<n,p>:=6~ 1 (n,p) = (Sfc< n+p k)+p. More concretely, we get 



In the introduction, we mentionned the idenfication between (d l ) d and (d d )\ for / < uj. More 



Definition 2.1 We say that E C {j leu] (d) is an effective frame if 

(a) \/l£u3\(sf) ted £En(d l ) d . 

(b) Vp,q,reLjVt£d <ul 3Neuj (s q itO N ) ied £E, (\s° q 0t0 N \ - 1) =p and ((|s°(MO iV |-l)i) = r. 

(c) Vl>03q<l3ted <u> Vied s\ = s\it. 



We will call T d the tree on d d associated with an effective frame E = {{s\)nzd \ I So;}.' 

T d :={se(d d ) <ul | {\/i£d s i = 0) V (3Iew 3t£d <ul Vied Si = s\it A Vn< |s | s (n)<n)}. 

The uniqueness condition in (a) and Condition (c) ensure that T d is small enough, and also the 
almost acyclicity. The definition of T d ensures that T d has finite levels. Note that T l = T d n id d ) 1 can 
be coded by a Ft® subset of when d=u. The existence condition in (a) and Condition (b) ensure 
that T d is big enough. More specifically, if (X, r) is a Polish space and a a finer Polish topology on 
X, then there is a dense G$ subset of (X, r) on which r and a coincide. The first part of Condition 
(b) ensures the possibility to get inside products of dense G$ sets. The examples in Theorem 1.7 are 
build using the examples in [Lo-SRl] and [Lo-SR2]. Conditions on verticals are involved, and the 
second part of Condition (b) gives a control on the choice of verticals. The very last part of Condition 
(b) is not necessary to get Theorem 1.7 for the Borel classes, but is useful to get Theorem 1.7 for the 
Wadge classes of Borel sets. Definition 2. 1 strengthens Definition 3. 1 in [L7], with this very last part 
of Condition (b), with Condition (d) (ensuring the regularity of the levels of the tree), and also with 
the last part of the definition of the tree (ensuring the finiteness of the levels of the tree). 

Proposition 2.2 The tree T d associated with an effective frame is a tree with A\ suitable levels. In 
particular, \Tff\ is compact. 



M(!):=max{mGw | Sfc< m k<l}. 



b[u] = {(0, 0), (1, 0), (0, 1), (2, 0), (1, 1), (0, 2), . . .}. 




(d) The map 1 1-> (s|)ied can ^ e coded by a recursive map from uj into uj d . 
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Proof. Let I G u. Let us prove that T is Z\} and finite. We argue by induction on I. The result is clear 
for I < 1 since T° = {0} and T 1 = {(i) ied }- If « > 1 and s£ (d d ) <w , then 

sGT* <^ |s | =Z A 3q < Z 3tGd <w ViGd Si = s\it AVn<Z s (n)<n. 

But there are only finitely many possibilities for t since so(^) < n f° r eacn n < U which implies that 
t(m) <q+l+m<l+l+l if m< \t\. This implies that T l is A\ and finite. 

• Let Tj be the tree generated by the effective frame: 

f d :={se(d d ) <UJ | (Vied s i = 0) V (3/Gw3t€d <tJ ViG(i s i = sjit)}. 

As Td C Trf, we get, with obvious notation, C T' for each integer Z. So it is enough to prove that 
T l is one-sided and almost acyclic since these properties are hereditary. 

• Let us prove that T l is almost acyclic. We argue by induction on I. The result is clear for I < 1. So 
assume that I > 1. We set, for j G d, 

C j: ={(4^) ied Gf' +1 |^0At(|t|-l)=j}. 

We have f l+1 = {(sji)ied} U Uj 6d and this union is disjoint. 

The restriction of to each Cj is isomorphic to G 7 . The other possible G r ' +1 -edges are 

between (sji)^ and some vertices in some C/s. If a -cycle exists, we may assume that it 

involves only {s\i),i e d and members of some fixed Cj . But if s G Cj is G T ' +1 -related to {s\i),i e d, 
then we must have sj°jo = Sj . This implies the existence of k < m < n showing that J~ l+1 is almost 
acyclic. 

• Now assume that x ^ y G T l , i, j G d, x% = yi and Xj = yj. Then we can write x = (s l q it)i e d and 
V = ( s% q '^')ied since x / j/. As x,- L = yi, the reverses t" 1 and OI * an d f are compatible. If t = t', 
then g = |s* | = / — 1 — |t| = Z — 1 — = |s*,| = q' and x = y, which is absurd. Thus t^t', for example 
\t'\ < \t\, and = i. This proves that i = j and r is one-sided. 

• Let hi : T l+1 -> d d defined by ttj(s) := (si(0) i6d - As T"^ 1 is finite ' ^ 

range q of 717 is also finite. 

Thus [Td] is compact since [T^] cn^ q. □ 

We now give an example of an effective frame. 
Notation. Let bd'-OJ—t d <w be the natural bijection. More specifically, 

• If d<oj, then 6^(0) :=0 is the sequence of length 0, 6^(1) :=0, bd{d) :=d—l are the sequences 
of length 1 in the lexicographical ordering, and so on. 

• If d= co, then let (p n ) ngw be the sequence of prime numbers, and 1 : co <UJ — » oj defined by X(0) := 1, 
and T{s) := p S Q°^ +1 ...p^^ if s ^ 0. Note that X is one-to-one, so that there is an increasing 
bijection z:Seq:=l[uj <UJ }^uj. We set 6 W := (i o I)- 1 :uj^oj <uj . 
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Note that |&d(n)| <n if n£w. Indeed, this is clear if d<co. Jid=uo, then 
X(6 w (n)|0)<X(6 w (n)|l)<...<X(6 w (n)), 
so that [i ol) (6 w (n)|0) <(«oX)(6 w (n)|l) <...<(« ol)(b ul (n))=n. This implies that \b u (n)\<n. 
Lemma 2.3 There is a concrete example of an effective frame. 

Proof. Fix i&d. We set 4 = 0, and s\ +1 := % 0l)l)o » b df (((Oi)i) J (y-(((0i)i)o-|&d((((0i)i)i)l. 

Note that (Z)o+(Z)i = M(l) < Efc<M(z) k<l,so that is well defined and \sj\ = 1, by induction on Z. It 
remains to check that Condition (b) in the definition of an effective frame is fullfilled. Set n := b^ 1 (t), 
s:= ( r, < q, n > ) and l:=<p,s>. It remains to put N :=l — q—\t\: (s l q itO N )i^d = (sl +1 )ied- D 

The previous lemma is essentially identical to Lemma 3.3 in [L7]. Now we come to the lemma 
crucial for the proof of Theorem 1.7. It strengthens Lemma 3.4 in [L7], even if the proof is essentially 
the same. 

Notation. If s£u <u and q< \ s\, then s— s\q is defined by s = (s\q)(s— s\q). We extend this definition 
to the case s€w w when q<oj. In particular, we denote s* :=s—s\l when 0/sGu;- a \ If 0^sG u <UJ , 
then we define s~ :=s|(|s| — 1). 

• We now define p:w <w \{0} —>oj. The definition ofp(s) is by induction on |s|: 

C s(0) if |s| = l, 
P(s):=\ 

[ <p(s ),s(\s\ — 1)> otherwise. 

Note that : w" — > uj is a bijection, for each n > 1. 

• Let Z < w be an ordinal. The map A : d l x d l —> 2 l is the symmetric difference. So, for m G Z, 

(sAt)(m):=A(s,t)(m) = l <^ s(m)^t(m). 

• By convention, w — 1 :=w. 

Lemma 2.4 LeZ Z7ie free associated with an effective frame and, for each i£d, G{ a dense G§ 
subset of II 'I \Td] . Then there are ao £ Go and F : 2 W — >■ IIo< «<d Gi continuous such that, for a € 2 W , 

(a) (a ,F(a))e\T d ]. 

(b) For each s € u <UJ , and each m£oj, 

(i) a(p(sm)) =1 => ]m'Gw (a AF (a)) (p(sm') + l) = 1. 

(ii) (a AF (a))(p(sm) + l) = 1 3m'Gw q(p(W))=1. 
Moreover, there is an increasing bijection 

B a :{meoj | a(m) = l}^{m \ (a AF («)) (m'+l) = 1} 
toc/i that (m)o = (_B a (m)) a«<i ((m)i) Q = ( (S a (m)) 1 J if a(m) = 1. 
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Proof. Let (O l q ) q&u) be a non-increasing sequence of dense open subsets of U" |"T d ] whose intersection 
is Gi. We construct finite approximations of ao and F. The idea is to linearize the binary tree 2 <w . 
So we will use the bijection 62 defined before Lemma 2.3. To construct F(a) we have to imagine, for 
each length I, the different possibilities for a\l. More precisely, we construct a map 1 : 2 <w — s>u;\{0} 
satisfying the following conditions: 

(1) we2 <w vi£d (i<\t\ => HN s i (t) nn^TTdicoy, 

(2) 3vy l ed <u > Vied sj (0) = TO , 

(3) Vie2<" Ve€2 3 Vfe Gd<- Vied s\ {te) =s\ {t) {i-e)v t£ , 

(4) Vreo; a (6a(r)) C s? (6a(r+1)) A Vt G 2<- Vn</(t) a ° (t) (n)<n, 

(5) WG2<- (I(t)-l) = (|t|) A ((l(*)-l) 1 ) =((|*|)i)o- 

• Assume that this construction is done. As s^ Qq ^ s °( 9+i) f° r eacn integer q, we can define 

a := sup ggw s° (Q9) . Similarly, as s\^ q) «J we can define, for a € 2 W and i < d- 1, 

and F is continuous. 

(a) Fix^ew. We have to see that (a , |<? G T d . Note first that l(t) > \t\ since l(te) >l(t). Then 
note that s° (t) C a since s° o|t|) C s° t) C s° o|t|+1) . Thus (a , F(a)) |l(a|g) = (a} (a |,))ied G £?. This 
implies that (ao, F(a)) |Z(a|qr) GT d since s^ Q |^(n) <n if n</(a|(/). We are done since l(a\q) >q. 

Moreover, a ef) qeu} DU'^Qf]^ O° q = G . Similarly, 

Fi(a)ef] Nj r nUl +1 \T d ]C fl 0* +1 = G m . 

1 1 Z(a|q) 1 1 

<}GW <?>«+l 

(b) .(i) Wesett:=a|p(sm),sothats z 1 (t) 1 C s[ (n) = s} {aMsm)+1)) Q F (a). As (l(t)-l) Q =p(s) (or 
(m)o if s = 0), there is ml with Z(i) =p(sm') + l (or Z(i) = m' + l and (m')o = (m)o if s = 0). But 
s i(t) 0Cs° (a|(p(aro)+1)) Ca , so that a (l(t)) ^F (a)(l(t)). 

(ii) First notice that the only coordinates where ao and Fq(o) can differ are and the Z(a|g)'s. There- 
fore there is an integer q with p(sm) + 1 = Z(a|<?). In particular, (<j) = (l{a\q) — l) Q = (or 
(m)o if s = 0). Thus there is ml with g = p(sm') (or q = m! and (m')o = (m)o if s = 0). We have 
a (l(a\q)) = s° H(9+1)) (l(a\q)) = # F (a) (Z(a|g)) = (*( a k)) = a (l)- So = 1 and 

a(p(sm')) = 1. 

Now it is clear that the formula B a (m) :=l(a\m) — 1 defines the bijection we are looking for. 
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• So let us prove that the construction is possible. We construct l(t) by induction on b 2 (t). 

As (iO 00 )^ G \T d ], 0°° G I^'fTdl and C$ is not empty. Thus there is u° G d <w \{0} such that 
/ N u o nllg [T d ] C Og. Choose ft G A u o nn o ' \T d ] , and a G [T d ] such that a = ft. Then a| |«g | G T d 
and Ug(n) <n for each n< \uq\. Note that 'Uq(O) = and — ?4]|l)(n) = u(j(n + l) < 1+n for each 
n<|«g|-l. We choose A G w with (i |1) O^^G^, (|0 (ug-ugll) O Ar 0|-l) o = (O) o and 

((|0 («§-«8|l) 0^|-l) 1 ) = ((0) 1 ) Q . We put v r .= (4-u° \l) 0^ and |(0):=|O («g-«g|l) 0^|. 

As (TO0O°°)i €d G [T d ], A^o^o n rigfTd] is a nonempty open subset of IIq f^rfl • Thus there is 
u? G <i <CJ such that ^ iV o „ 0Ou o n U%\T d ] C O?. As before we see that u§(n) < l + ^l + l + n 
for each n < |it§|. This implies that (it^OiijO 00 )^ G [T^]. Thus N lvl)0u o n n'/fT^] is a nonempty 
open subset of W{\T d ]. So there is u\ G d <UJ such that / A 1U0Ou o u i n W{\T d ] C Oj. Choose 
ft G W 1W0Ou o u i n n i' l" T dl , and 7 G [T d ] such that 7l = ft . Then 7 | | lv Ou?ui | G T d and 7o (n) < n for 
each n< ll^Ou^n}). This implies that 7o(|lf0(Wj ) | + n ) < |lf0(Wj ) |+ n f° r eac h w< But u\{n) 
is either 1, or ^Q(\lv$0u\\ + n). Thus uj(n) < \ \v$0u\\ + n \in<\u\\. We choose Ao G oj such that 

(a| (0) 0u?u{ N ») j€d G£, (Z(0) + + A ) Q = (1) and ((i(0) + +iV ) 1 ) o = ((l)i) . We 
putuo:=u?u3; 0^° andZ(O):=Z(0) + l+|«o|. 

Assume that (^(0)5,- 1 (t)<r sat i s fy m § (l)-(5) have been constructed, which is the case for r = l. 
Fix iG2 <w and eG 2 such that b 2 (r+l) = te, with r>l. Note that bj 1 ^) <r, so that l(t) <l(b 2 {r)), 
by induction assumption. 

As iV a o b { ^ fl IIq \T d ~\ is nonempty, A^o ^ ( )} o n f^dl * s nonempty too. Thus there is u^ +1 in 
d <w such that 0^AT s p Ou o l~l II^' [T d ] COf ) t | +1 . As before we see that n{ J t | +1 (n)</(6 2 (r'))+l+n 
for each n < Arguing as in the case r = 1, we prove, for each 1 < i < |t| + l, the existence 

of U ( t|+1 G such that ^ N %)(l . e) ^^ n D*rr d l C Of t|+1 and 

U| t | +1 (n) <l(b 2 (r)) +l + |nJ ) t | +:1 ...'U| t T^ 1 |+n for each n < \u l ^ +1 \ {u^ +1 (n) can be i, in which case 
we use the fact that l(t) > \t\). We choose N t£ Go; such that 

(/(6 2 (r)) + |nJ |+1 ...^|+;|+A te ) o = (|t| + l) and 

((/(6 2 (r)) + |4 |+1 ...^|+A te ) i ) o =((|t| + l) 1 ) . 
We put Z(te) :=/(t) + l + |-u te |, where by definition 

^ : =(*?(Mr))- a ?(Mr))l( Z (*) + 1 )) 0«|*|+1- U |5S 

This finishes the proof. □ 
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Now we come to the general condition to get some complicated sets as in the statement of Theo- 
rem 1 .7 announced in the introduction. 

Notation. The map S:2 W ^2 W is the shift map: S(a)(m) :=a(m+l). 

Definition 2.5 We say that CC2 W is compatible with comeager sets (ccsfor short) if 

aeC S(a AFo(a))£C, 

for each ao G and F : 2 W — >■ {d UJ ) d ~ 1 satisfying the conclusion of Lemma 2.4.(b). 

Notation. Let T d be the tree associated with an effective frame, and CC2 W . We put 

S c :={ae[T d ] | S{a Aai)eC}. 

Lemma 2.6 Let T d be the tree associated with an effective frame, and Y a non self -dual Wadge class 
ofBorel sets. 

(1) Assume that C is a T-complete ccs set. Then Sq G T( \T^\ ) is a Borel subset of (d UJ ) d , and is not 
separable from [Td] \S d , by a pot(T) set. 

(2) Assume that C°, C 1 G V are disjoint, ccs, and not separable by a A(T) set. Then S^ , are in 
T([Td]), disjoint Borel subsets of(d ul ) d , and not separable by a £>of (A(T)) set. 

Proof. (1) It is clear that Sq G r([T^]) since S and A are continuous. So S c is a Borel subset of 
{d u ) d since [T d ] is a closed subset of {d u ) d . Indeed, [T u ] is closed: 

d?G [T u ] -£4> VnGu;\{0} 3l<n ViGw s\i C cti A {a.i\n — s\i) = (ao\n — s^O) A ao(n) < n - 

We argue by contradiction to see that S c is not separable from [Td] \ S C by a pot(r) set: this gives 
P G pot(r). For each i G d there is a dense G$ subset Gi of the compact space n"|"T/| such that 
P n (U ted Gi) G f (U ied Gi), and S d n (U ted G 4 )CPn (U ied Gi) C (U ted Gi)\( [T d ] \S d ). 

Lemma 2.4 provides cto G Go and F : 2 U — > Ho<i<d Gi continuous. Let 

D:={ae2" \ (a , F(a)) G P D (U ted Gi)}. 

Then D G f . Let us prove that C = D, which will contradict the fact that CfiT. As C is ccs, a G C is 
equivalent to 5(aoAFo(a)) SC. Thus 

qgC 5(Q AF (a)) ec^ (a 0l F(«))G^n(n !e(! G,)c?n (n ied GO ogd. 

Similarly, a^C ^ a^D, and C = D. 

(2) We argue as in (1). □ 

This lemma reduces the problem of finding some complicated sets as in the statement of Theorem 
1.7 to a problem in dimension 1. 
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3 The proof of Theorem 1.7 for the Borel classes 



The full version of Theorem 1.7 for the Borel classes is as follows: 

Theorem 3.1 We can find concrete examples of a tree with A\ suitable levels, together with, for 
each 1 < £ < u\, 

(1) Some set S| G [T^] ) not separable from \T^ \ \S| by a pot(H®) set. 

(2) Some disjoint sets S| G S°( [T^] ) not separable by a pot(A^) set. 

This is an application of Lemma 2.6. We now introduce the objects useful to define the suitable 
sets C's of this lemma. These objects will also be useful in the general case. The following definition 
can be found in [Lo-SR2] (see Definition 2.2). 

Definition 3.2 A set HQ 2 U is V- strategically complete if 

(a) HeT(2 UJ ). 

(b) If A£ r(w w ), then Player 2 wins the Wadge game G(A, H) (where Player 1 plays a G lo w , Player 
2 plays (3 G 2 W and Player 2 wins if a£A O /3 £H ). 

The following definition can essentially be found in [Lo-SRl] (see Section 3) and [Lo-SR2] (see 
Definition 2.3). 

Definition 3.3 Let rj < A function p : 2 W — >■ 2 U is an independent n- function if 

(a) For some function tt : uj — >■ uj, the value p(a)(m), for each a G 2 W and each integer m, depends 
only on the values of a on ir~ 1 ({m}). 

(b) For each integer m, we set C rn := {a G 2 W | p(a)(m) = 1}. 

(1) Ifrj = 0, then for each integer m the set C m is a ^{-complete set. 

(2) If n = 6 + 1 is successor, then for each integer m the set C m is a Yi^ + g-strategically complete set. 

(3) If rj limit, then for some sequence (9 m ) m&ul with 6 m <n and sup p>1 6 mp = nfor each one-to-one 
sequence (m p ) p >i of integers, and for each integer m the set C rn is a H® +em -strategically complete 
set. 

Note that we added a condition when n = 0. Moreover, we do not ask the sequence (6 m ) m euj to 
be increasing, unlike in [Lo-SR2], Definition 2.3. Note also that an independent //-function has to be 
S5+r;" measuraD l e - Moreover, if p is an independent 77-function, then tt has to be onto. 

Examples. In [Lo-SRl], Lemma 3.3, the map po : 2 W — > 2 W defined as follows is introduced: 

{1 if a(<m, n>) = 0, for each nGw, 
otherwise. 

Then po is clearly an independent 1-function, with ir(k) = (/c)o- In this paper, p[j : 2 W — > 2 W is also 
defined for n < uj\ as follows, by induction on n (see the proof of Theorem 3.2). 
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We put 

- pg:=Id 2 ". 
-Po +1 :=Po°Po- 

- If 7] > is limit, then fix a sequence (Om) meui C ry of successor ordinals with S me ^ #m = 77. We 
define p{f' m+1) : 2<^ 2 W by 



a(i) ifi<m, 

pf 1 (S m {a)){i-m) if i>m. 



(0,m+l) (m.m+l) (m— l,m) (0,1) , ni \i \ (0,m+l) / w \ rp U 

We set Pq := p Po ° ■ ■ ■ ° Po an d Po( a H m ) := Po {a)(m). The authors 

prove that p[] i s an independent r/-function (see the proof of Theorem 3.2). In this paper, the set 
H\ +n := (Po) _1 ({0°°}) is also introduced, and the authors prove that Hi +r) is II ^ -complete (see 
Theorem 3.2). 

Notation. Let 1 <£ := I+77 < We set := ->H^. If moreover e € 2, then we set 

Cf :={<*€ 2" I ]m£w p[j (a) (m) = 1 A VZ < m /og(a)(Z) = A (m) = e (mod 2)}. 
Then we set S| := 5^ and := fig*. 

Theorem 3.1 is a corollary of Proposition 2.2, Lemmas 2.3 and 2.6, and of the following lemma. 

Lemma 3.4 Let 1 < £ < u\. 

(1) The set Cg is a "E^-complete ccs set. 

(2) The sets C|, C| G S^, are disjoint, ccs, and not separable by a A° set. 
Proof. (1) is S°-complete since is II°-complete. 

• Assume that ao, F satisfy the conclusion of Lemma 2.4.(b). Let us prove that 

p%(a) = p^S(a AF (a))), 
for each 1 < 77 < oji and a € 2 W . For rj = 1 we apply the conclusion of Lemma 2.4.(b) tosGw. Then 
we have, by induction, p e +1 {a) = p (p° {a)) = Po ^ (s(a AF (a)) ) j = p e +1 (s {a AF (a)) ) . 
From this we deduce, for A > limit, by induction again, that 

p^ 1 \a) = pl^a) = p^{s{a AF (a)))=p^ 1 \s{a AF (a))). 

Thus p^ m+1 \a) = p^ m+1) (s(a AF (a))), and 

Po A (a) (m) = p< 0,ro+1) (a) M = p^ m+1) (s (a AF (a)) ) (m) = p A («S (a AF (a)) ) (m) . 

• If we apply the previous point, or the conclusion of Lemma 2.4.(b) to s := 0, then we get 

aeC(. 44> 3mGw pg(a)(m) = l <=> 3m'ew ^S(a AF (a)))(m') = l O S(a AF (a)) GQ. 
Thus is ccs. 
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(2) Note first that C|, C| G since /3g is 5]j +r? -measurable, are clearly disjoint, and are ccs as in (1) 
since (m)o = (B a (m)) in Lemma 2.4.(b). 

• We set, for e G 2, V £ :={ae2 UJ | ]mGu pg(a)(m) = l and (m) = e (mod 2)}. Then V £ is a S° 
set since Pq is S^-measurable. Let us prove that V £ is £°-complete. 

- If 77 = 0, then 0°° eV £ \V £ , so that V £ is Si-complete. 

- If rf = 6 + 1, then p[J is an independent r/-function. Let (A m ) m6uJ be a sequence of Hl +0 (2^) 
sets. Choose a continuous map f m : 2" -> 2 W such that A m = f^(C m ). We define / : 2 W -> 2 W by 
f(a)(k) := f m (a)(k) if ir rj (k) = m, and / is continuous. Moreover, 

so that U meW) (m) = £ (mod 2) ^m = /~ 1 (^)- Thus V £ is £°-complete. 

- If i] is the limit of the # m 's, then is an independent r/-function. We argue as in the successor case 
to see that V £ is S°-complete. 

• We argue by contradiction, which gives D G A° separating C| from C|. Let -uo, t>i be disjoint S° 
subsets of 2 U . Then we can find a continuous map / £ : 2 W — > 2 W such that t> £ = f £ l {V £ ). As /5q is an 
independent ^-function, we get ir v : to — >■ w. We define a map / : 2 W — >■ 2 W by f(a)(k) := f £ (a)(k) if 
(7r 7J (fc)) = e (mod 2), and / is continuous. Note that qB £ ^ / e (a) G V £ <^ /(a) G y e , so that 
v £ = f~"(V £ ). Thus a G t>o ^ /(a) € Vfo /(a) G Vb \Vi Q Cf ^ since v is disjoint from v\. 
Similarly, a G «i o /(a) G Vi\Vb C C| C ->Z?. Thus Z" 1 (D) separates w from Wl . As Z" 1 (D) G Ag, 
this implies that S° has the separation property, which contradicts 22.C in [K]. □ 

4 The proof of Theorem 1.8 for the Borel classes 

The full versions of Theorem 1.8 and Corollary 1.9 for the Borel classes are as follows: 

Theorem 4.1 Let T d be a tree with suitable levels, 1 < £ < u\, (Xi) iec i a sequence of Polish spaces, 
and Aq, A\ disjoint analytic subsets ofH^d -^Q- 

(1) Let S £ r/je« owe of the following holds: 

(a) The set Aq is separable from A\ by a potijl^) set. 

(b) The inequality ((d") ied ,S, \T d ]\S) < ((Xi) ied , A , A ± ) holds. 

If we moreover assume that S is not separable from \T d ~\ \ S by a pot(H®) set, then this is a 
dichotomy. 

(2) Let S°, S 1 G S°( [Trf] ) disjoint. Then one of the following holds: 

(a) The set Aq is separable from A\ by a pot(A.®) set. 

(b) The inequality {{d u )i ed , S°, S" 1 ) < ((Xi) ied , Aq, A±) holds. 

If we moreover assume that S° is not separable from S 1 by a pot( A9) set, then this is a dichotomy. 
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Corollary 4.2 Let V be Borel class. Then there are Borel subsets S°, S 1 of {d w ) d such that for any 
sequence of Polish spaces (Xi) iec i, and for any disjoint analytic subsets Aq, A\ ofH iec i X; L , exactly 
one of the following holds: 

(a) The set Aq is separable from A\ by a pot(T) set. 

(b) The inequality ((d u )i e( i, S°, S 1 ) < ((Aj)j €c j, Aq, Ai) holds. 

4.1 Acyclicity 

In this subsection we prove a result that will be used later to show Theorem 4.1. This is the place 
where the essence of the notion of a finite one-sided almost acyclic set is really used. 

Lemma 4.1.1 Assume that TC X d is finite. Then the following are equivalent: 

(a) The set T is one-sided and almost acyclic. 

(b) For each or G T, there is an integer 0^£< d+2 and a partition (Mj)j e c ofT\{ar} with 

(1) Vied Vj^keC U i [M j ]r\U i [M k } = ^. 

(2) Vied VjG£ VxGMj x, L = x\ => i = j. 

Proof, (a) => (b) If y / z G T and iy*\ is a walk in G T with y^ = y and ~t) = z, , then we choose 

V / j<i 

such a walk of minimal length, and we call it wg^. We will define a partition of T. We put, for j G d, 

N := { x G T I x 7^ x^ A w _ -* does not exist ), 

x,x v 

Lj := { x GT I x^x° A (w„-*(\w^-*\-2)) =x°A. 

So we defined a partition (A/, (Lj)j ec i) of T\{x°} since T is one-sided. As T is finite, there is jo G d 
minimal such that Lj = $ if j >jq. We set Mj :=Lj if j < jo, M^+i := A/ and £:= jo+2. 

(1) Let us prove that IIj[Lj] n Hi[N] = 0, for each i,j G d. We argue by contradiction. This gives 
Xi G Ilj [Lj] n Ilj [N], x G Lj, and also y G A such that x« = yj. As x, y G T and LjC\N = $,x^y 
and x, y are G^-related. Note that does not exist, and that exists. Now the sequence 



(y, x, or") shows the existence of w -*, which is absurd 

V / y,x v 



It remains to see that IL[Lj]nrL;[Lfc] = 0, for each i,j, k£d with j ^ k. We argue by contradiction. 
This gives Xi G rL;[Xj] n IL;[Xfc], x G Lj, and also y G Lj, such that Xj = y, L . As x, y G T and j / A;, 

x / y and x, y are G r -related. Let us denote w ^ := fi^) and u>^-£ := (y^) . Note 

V / n<i+l J/i 11 V / n</'+l 

that ~? / y'' since z l - = x°- and yj / x°, since otherwise y'', x^ G T, j/' / x^ and yj = x°, y[' = x° k , 
which contradicts the fact that T is one-sided. 



We denote by W : = (vfi\ the following G r - walk: ? , z l 1 , . . . , ~z$ , y^ , y^ , . . . , y 1 ' . If there are 

V / n<L 

k<n<L with ur = vfi, then we put W' := vfi, ...,ur, u> n+ ^, ...,w^. If we iterate this construction, 
then we get a G r -walk without repetition V := from vfi to 

V / n<L> 
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If there are i G d and k+1 <n<L' with v\ = vf, then we put V' := ?, u*, u^, ...,v L ' . If we 
iterate this construction, then we get a G^-walk without repetition U := (u n *) from to vr 1 



J n<L" 

for which it is not possible to find i<Ed and k+l<n<L" with vf[ = uf. 

Now ?, ifi, ...,u L " ,xP is a G r -cycle contradicting the almost acyclicity of T. 

(2) If x G iV, then u> -* does not exist. This implies that Xj 7^ x? for each iGeZ, since otherwise x and 
would be G r -related, which contradicts the non-existence of 

x,x 

If x G Lj, then i is the only coordinate for which Xj = x° since T is one-sided. Note that 
W ^ = (^^)" As x G Lj , we get I -2)) j = x°. But w £ ^{\w ^\-2) = x. Thus 

Xj = x® and i = j. 

(b) =4> (a) Let ar 7^ x G T, i,j Ed such that x° = Xj and x 1 - = Xj, and <G C such that x <G By (2) 
we get i = k=j and T is one-sided. Now consider a G^-cycle (x^) n <L- By (1) there is j £ £ such 
that x^ <G Mj for each < n< L. Then by (2) we get x° = xj = xj^ 1 and T is almost acyclic. □ 

Definition 4.1.2 and Lemma 4.1.3 below are essentially due to G. Debs (see Subsection 2.1 in 
[L7]): 

Definition 4.1.2 (Debs) Let Q:X d ^ 2^" \ T^X d . We say that the map 6 = U ied 9t G ((u w f) d 
is a n-selector on T for if 

(a) 9{x) = (^i(xj)) ied far each x G X d . 

(b) 0(x) 6 6(f) for each xGT. 

Lemma 4.1.3 (Debs) Let I be an integer, X := d l+1 , T C X d be A\, finite, one-sided, and almost 
acyclic, Q:X d ^ E{ ({co U} ) d ), and Q:X d ^ E[ {{u u ) d ) defined by 0(x) :=0(x) T \ Then admits 
a n-selector onTifQ does. 

Proof, (a) Let ? G T, and * : X d -> S\ ((ur v ) d ). We assume that f(x) = 0(x) if x and that 

* (?) C9 (?) \ We first prove that 6 admits a 7r-selector on T if * does. 

• Lemma 4.1.1 gives a finite partition (Mj)j e £ of T\{?}. Fix a 7r-selector ^ on T for and let 
M :=max (d n £). We define ^ sets f/,, for i < M, by 

[/; := {aeu u I 3^G((w w ) A ') d a = ^(x°) AVxGT ^(x) G*(x)} . 
As y; (?) = (&(x?)) i6d G * (?) n ((n,< M t/i) x {^) d ~ M - 1 ) we get 



0^* ^ n ((iw i/i) x K) d - M - 1 ) cepj n ((iw [/,) x K)^^ 1 ) . 
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By the separation theorem this implies that Car) n ((IL;<m C/j) x (u UJ ) d M x ) is not empty 



and contains some point a. Fix i<M. As aij G C/j there is € ((aj^)^)^ such that aj = ^£(x°) an d 
■0*(x) g*(x) if feT. 

• Now we can define fl,:!^ uj^, for each zGeZ. We put 

ot'i if x^ — x^ , 

== | ^'(x^ifXiGn^MjlXKlAi^M, 

k i$(xi) otherwise. 
Then we set 0(x)(i) :=9i{xi) if zGeZ. 

• It remains to see that 9{x) G 0(x) for each x G T. 

Note that 9 (x^) = a € G (x^) . So we may assume that x / x^. So let j G C with xEMj. 

- If x° for each i G d and j < M, then 9 (x ) = (6>; (x; ) ) ied = V j (x) G * (x) = 6 (x ) . 

- Similarly, if Xj / x? for each i G d and j > M, then 9{x) = (9 i (x i )) i d = ip°(x) G *(x) = 6(x). 

- If Xi = x° for some ied, then i=j<M. This implies that 0j (xj ) = aj = ipj (x^ ) = tpj (xj ) and 

0(x) = (^(x i )). ed =V j (^)e*(x)=e(x). 

(b) Write T :={?,..., x^}, and set * := 6. We define : # d -> ^ as follows. We 

put (x) := *j (x) if x/ x J+1 , and ( x J+1 j := 6 ( x J+1 ) , for j < n. The result now follows 



from an iterative application of (a). □ 
4.2 The topologies 

In this subsection we prove two other results that will be used to show Theorem 4.1. We use tools 
of effective descriptive set theory (the reader should see [M] for the basic notions). We first recall a 
classical result in the spirit of Theorem 3.3.1 in [H-K-Lo]. 

Notation. Let X be a recursively presented Polish space. Using the bijection between u and lo 2 
defined before Definition 2.1, we can build a bijection (x n ) i-K x n > between and X^ by the 

formula < x n > (7) :=X(/) ((/)i). The inverse map x4 ((x) n ) is given by (x) n (p):=x(< n,p >). 
These bijections are recursive. 

Lemma 4.2.1 Let X be a recursively presented Polish space. Then there are III sets W x C w u , 
C x Qu ul xXwith{(a,x)euj u] xX | aeW x and x <£C X } G 77/, A\{X) = {C X \ a£A\nW x }, 
and A\(X) = {C X \ aeW x }. 
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Proof. By 3E.2, 3F.6 and 3H.1 in [M], there is U x G TT/fy x X) which is universal for U\(X) and 
satisfies the two following properties: 

- A subset P of X is 77/ if and only if there isaSw^ recursive with P=U X . 

-There is S x :i/xu u ->w u recursive such that (a, (3, x) GZ7 W " xX O (S x (a,[3),x) £U X . 

We set, for e G 2, U £ := {(a, x) £w w xX | ((a) e , x) GZY X }. Then f/ e € 77/ . By 4B.10 in [M], 77/ 
has the reduction property, which gives Uq, U[ G 77/ disjoint with C C/ £ and Uq U [/{ = Uq U C/i. 
We set := {a£w u | (t/J) Q U (U[) a = X} and C x := U' Q , which defines 77/ sets. Moreover, 

a£W x Ax(£C x ^aeW x A {a,x)eU[ 

is 77/ in (a, x). Assume that A G Z\J(X), which gives ao, ol\ G uj u recursive with A = U x (resp., 
->A=U X 1 ). We define aew u by (a) e :=a e , so that a is recursive. We get 

xeA (a ,x)eU x <=> (a,x)eU <^ (a,x)eU \Ui <^ (a,x)eUb, 
x£A <4> (ai,x)eU x <4> (a,x)Gf7i (a, x) G Ui\Uq <5 (a,x)eU[, 

so that a G and C x = A. This also proves that A\(X)C{C X | a G W x }. 

Conversely, let a G A\ n Then G 77/, and x ^ C x W x and x i C x , so that 

-■C^ G 77/ and G A\. Note that this also proves that A\(X) D {C^ | a£W x }. □ 

We now give some notation to state an effective version of Theorem 4.1. 

Notation. Let X be a recursively presented Polish space. 

• We will use the Gandy-Harrington topology Ex on X generated by E\(X). Recall that the set 
fix '■= {x G X | ojf = wp^} is Borel and E\, that (fix, Ex) is a O-dimensional Polish space (the 
intersection of fix with any nonempty E\ set is a nonempty clopen subset of (fix, Ex)) (see [L8]). 

• Recall the topology n defined before Theorem 1.9. We will also consider some topologies between 
n and E { ^ )d . Let 2 < £ < wf K . The topology r 5 is generated by £/ ((w w ) £i ) n 11° ^ (n). We have 
S?(r e )CS^(n), so that n?(r c )cnj(n). These topologies are similar to the ones considered in 
[Lo2] (see Definition 1.5). 

• We set pot(nfj) := {U ied Ai \ Ai G A\(u u ), and A { = uj u for almost every i G d}. We also set 

:= W^ d and C := C^ d (see Lemma 4.2. 1). We will define specifically, for £ < Wl , 

{ (/3, 7) G a/" x W | /3 codes a pot (11^) set and C 7 is the set coded by ft} . 

The way we will do it is not the simplest possible (we can in fact forget ft, and work with 7 integer 
instead of real, see [L7]). We do it this way to start to give the flavor of what is going on with the 
Wadge classes. 
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• To do this, we set 



y :=| (/3,7)eo^xW|Vi< /3(0) (/?*); G A 7 G A\ ((3) A 

■ /3(o)=d AC 7 =n 1<m cg". } if 



$(^):=AuVb U { 7) G w w x | 7 G Z\{ (/3) A 

3 7 'G^(/?) VnG^ ((/?) n , (7%) A -C 7 = U n6w C (y) J. 



Then is clearly a III monotone inductive operator. We set, for any ordinal £, := <I>^ (which is 
coherent with the definition of Vq). We also set V<£ ■={j rj< ^ V v . The effective version of Theorem 
4.1, which is the specific version of Theorem 1.9 for the Borel classes, is as follows: 

Theorem 4.2.2 Let T d be a tree with A\ suitable levels, 1 < £ < oj^ , and Aq, A\ disjoint £-[ subsets 



(1) Assume that S G E^(|~?V|) is not separable from \Td \ \S by a pot(H®) set. Then the following 
are equivalent: 

(a) The set Aq is not separable from A± by a pot(Il®) set. 

(b) The set Aq is not separable from A\ by a A\r\ pot(Il®) set. 

(c) --(3(0, 7) G (A\ x A\) n^i CC 7 C 

(d) The set Aq is not separable from A\ by a 11° (n) set. 

(e) AV'nA 1 ^. 

(f) The inequality ((d w ) i6d , S, \T d ]\S) < ((uj U} ) ie d,A ,A 1 ) holds. 

(2) The sets and V<£ are 77/. 

(3) Assume that S°,S 1 G S°([T^]) are disjoint and not separable by a pot(A.®) set. Then the 
following are equivalent: 

(a) The set Aq is not separable from A\ by a pot (A.®) set. 

(b) The set Aq is not separable from A\ by a A\n /?of(A9) set. 



The proofs of Theorems 4.1 and 4.2.2 will be by induction on £. This appears in the statement of 
the following lemma. 




We define an inductive operator $ over w u xw u (see [C]) as follows: 



of{^) d . 



(c) ^(3(/3,i),(/3',j')e{A{xA\) n V£ Cy = ^C~, and ioC^C^). 

(d) The set Aq is not separable from A\ by a A^(ti) set. 
(ejAV'nA-^^. 

(f) The inequality ((d^)^, S° , S 1 ) < ((u) u ) ied ,Ao,Ai) holds. 
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Lemma 4.2.3 (1 ) The set V is Flf. 

(2)Letl<£<u^. We assume that Theorem 4.2.2 is proved for 77 < £. 

(a) The set V<£ is iT/. 

(b) FixAe Sl{{^) d ). Then X* G ^ ((a/")*). 

(cj Lez* n > 1, 1 < £1 < £2 < ■ ■ ■ < £n < C and S±, . . ., S n be S\ sets. Assume that Si C Si + i~ ii+1 for 
l<i<n. Then S n PI rii<j<n * J T\-dense in Si 1 . 

Proof. (1) The set y is clearly 77/ . 

(2). (a) The proof is contained in the proof of Theorem 4.1 in [L7]. It is a consequence of Lemma 4.8 
in [C]. 

(b) The proof is essentially the proof of Lemma 2.2.2.(a) in [L7]. 

(c) The proof is essentially the proof of Lemma 2.2.2. (b) in [L7]. □ 

Lemma 4.2.4 Let S,T£ S\ ((uj u ) d ) such that S is T\-dense in T, (Xi)i e d a sequence of subsets 
of oj u such that Xi=uj UJ if i > Then S Pi (Hi^d Xi) is T\-dense in T n (Hi^d Xi). 

Proof. Let (Ai) ie d be a sequence of A\ subsets of uj w such that Aj = uj^ if i > jo > io, and also 
T n (U ied h) ^ 0, where k := X { n Aj. We have to see that S n (U ied k) ^ 0. We argue by 
contradiction. This gives a sequence (Di) ied of A\ subsets of uj u such that 7j C Dj if i G d, and 
STi (Iljed Z?j) = 0, by jo applications of the separation theorem. But Tn (Hied A) /0, and Di=uj UJ 
if i >io- So 5 fl (Iljgrf / 0, by t\ -density of S in T, which is absurd. □ 



4.3 Representation of Borel sets 

Now we come to the representation theorem of Borel sets by G. Debs and J. Saint Raymond (see 
[D-SR]). It specifies the classical result of Lusin asserting that any Borel set in a Polish space is the 
bijective continuous image of a closed subset of the Baire space. The material in this Subsection can 
be found in Subsection 2.3 of [L7], but we recall most of it since it will be used iteratively in the case 
of Wadge classes. The following definition can be found in [D-SR]. 

Definition 4.3.1 (Debs-Saint Raymond) Let cbe a countable set. A partial order relation R on c <UJ 
is a tree relation if for t G c <UJ , 

(a) 9Rt. 

(b) The set Pn(t) := {s G c <u) \ s R t} is finite and linearly ordered by R. 

For instance, the non strict extension relation C is a tree relation. 

• Let R be a tree relation. An R-branch is an C-maximal subset of c <UJ linearly ordered by R. We 
denote by [R] the set of all infinite R-branches. 

We equip (c <UJ ) u w ^ m me product of the discrete topology on c <UJ . If R is a tree relation, then the 
space [R] C (c <w ) w is equipped with the topology induced by that of (c <w ) w . The map h-.c^^r [C] 
defined by ^,(7) := (7) j)j€w is an homeomorphism. 
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• Let R, S be tree relations with R<^S. The canonical map II : [R] — > [S] is defined by 

H(B) :=the unique S-branch containing B. 

• Let S be a tree relation. We say that RQS is distinguished in S if 

\ i , <^di s S t S u \ t-. , 
Vs,t,MGc <tJ „ } => s Rt. 

s Ru J 

For example, let C be a closed subset of ' & ', and define 

sRt 44> sCt A N s 

Then R is distinguished in C. 

• Let n < uj\. A family (i?( p )) p <^ of tree relations is a resolution family if 

(a) R (p+1 ^ is a distinguished subtree of R^ p \ for all p<n. 

(b) RW = f] p<x R(p\ for all limit \<n. 

We will use the following extension of the property of distinction: 

Lemma 4.3.2 Let n < uj\, (i?( p )) p < T; a resolution family, and p <n. Assume that s R^ s' R^ s" 
and s R(f J+ V s". Then s i?( p+1 ) s'. 

Notation. Let n < u>\, (R^) p < v a resolution family such that is a subrelation of C, p < n and 

i€c <w \{0}. We set 

t p :=t\ max{r <\t\\t\r t}. 

We enumerate {t p \ p < n} by {t& | 1 < i < n}, where KuGw and £1 < . . . < £ n = 77. We can write 
t Zn t ?n-i Cjt...Cjt t& & t. By Lemma 4.3.2 we have &+ 1 i& for each 1 < i < n. 

Lemma 4.3.3 Let n < uj\, {R^) p <ti a resolution family such that is a subrelation of C, t in 
c <w \{0} and l<i<n. 

(a) Setr]i\={p<n \ t^ Ct p }. Then r\i is a successor ordinal. 

(b) We may assume that t^ i+1 C^t^\ 

The following is part of Theorem 1-6.6 in [D-SR]. 

Theorem 4.3.4 (Debs-Saint Raymond) Let n < u\, R a tree relation, (/ n ) n&J a sequence ofU® +1 
subsets of[R\ Then there is a resolution family (i?^) p <^ with 

(a) = R. 

(b) The canonical map II : [R^] — > [R] is a continuous bijection. 

(c) The set li" 1 ^) is a closed subset of [R^]for each integer n. 

Now we come to the actual proof of Theorem 4.1. 
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4.4 Proof of Theorem 4.1 

The next result is essentially Theorem 2.4.1 in [L7]. But we give its proof since it is the basis for 
further generalizations. 

Theorem 4.4.1 Let T d be a tree with A\ suitable levels, £ < a successor ordinal, S £ [T^] ), 
and Aq, A\ disjoint H\ subsets of [oj^) d . We assume that Theorem 4.2.2 is proved for i] < £. Then 
one of the following holds: 

(a) A^ ( nAi = 0. 

(b) The inequality ((U^ \T d ]) ied , S, \T d ]\S) < ({u^) ied , A , A x ) holds. 
Proof. Fix rj < ^ with £ = rj+ 1. 

• Recall the finite sets q defined at the end of the proof of Proposition 2.2 (we only used the fact 
that T d has finite levels to see that they are finite). With the notation of Definition 4.3.1, we put 
c:=U l£uJ ci, so that c is countable. The set I := h[\T,f\\S] is a n° +1 subset of [C]. Theorem 4.3.4 
provides a resolution family. We put 



• Assume that ~A^ Z n A\ is not empty. Recall that (£lx, Ex) is a Polish space (see the notation at the 
beginning of Section 4.2). We fix a complete metric dx on (fix, Ex). 

• We construct 



D:={seT d | s = V =LBen -1 (i) seB}. 




We want these objects to satisfy the following conditions. 



(l) aieOicn^ a {aiJi^eUgcn^d, 



(2) 0\ q QO\ 



(3) diam dwW (Oi)<2-H A diam, ([/,-•)< 2-1^1, 



(4) U g CA e nil if sgA 



(5) ?7 s -CAo if s£D, 



(6) (l<p<r/ A a t) => UfCUg", 



(7) (( 



s, t& DV s, t<£ D) A sRW t) UpC Ug. 
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• Let us prove that this construction is sufficient to get the theorem. 

- Fix ft G \T d ]. Then we can define (j k ) ke oj-={j k )ke^ by IT 1 (0\j) jeu} ) = 0\j k ) keuj , with the 
inequalities j k <j k +i- In particular, fi\j k R.W (3\j k+1 . We have 

HS h0) = 0\j) jeoj el & 0\j k ) k ^eli-\l) Vk>k :=0 ft\j k eD 

since n _1 (7) is a closed subset of [R^]. Similarly, j3 G S is equivalent to the existence of k$ G oj 
such that fi\j k £D for each k>k$. 

This implies that (Us, ) k > ko is a non-increasing sequence of nonempty clopen subsets of the 
space (fi( wW )d, J7( w u;)d) whose d^y -diameters tend to zero, and we can define 

{J-(/3)}:= P| ^C^,,. 
fc>feo 

Note that F0) is the limit of {(®p.\ jk )ied) keiv - 

- Now let 7 G [T d ], and (3 G [T d ] such that ft = 7. We set £(7) := JJ^). This defines 

Note that /i(7) is the limit of {a l ^-)j eu) . Indeed, fiij) is the limit of (a^^keu- If 3 > then 
a:!^- G O^ij, and the sequence (0^|j)j>i * s decreasing. Fix e > 0, > z such that 2~ fc < e. Then we 
get, if j>k, d^(fi(j), a l y y) <diam d ^ (O^.) <2~i <2~ fc <e. In particular, ^(7) does not depend 
on the choice of ft This also proves that fi is continuous on H" \T d ~\ . 

- Note that is the limit of some subsequence of (a^,^)j €u: , by continuity of the projections. 

Thus F0) = fi(fa), and F0) = {U i£d fi)0). This implies that the inclusions 5 C {U ied f^ 1 (A ) 
and iTdWSCiU^f^iA^hold. 

• So let us prove that the construction is possible. 

- Let (afyifzd G D Ai D fi^u, which is nonempty since Aq T( D A\ 7^ is Zq 1 , by Lemma 
4.2. 3. (2). (b). Then we choose a 17/ subset U^ of (w w ) d , with d^y -diameter at most 1, such that 

(ai) ied eU$cA^ ( nA 1 n(l^ )d . 

We choose a X^ 1 subset of a; w , with -diameter at most 1, with ajj G C $7^, which is possible 
since fi( w w)d cnj», Assume that («s)| s |</, (0*)| s |</ and |s|<j satisfying conditions (l)-(7) have 
been constructed, which is the case for I = 0. 
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- Let tmeT d n (d l+1 ) d . Note that tmP G D if tm ri G D is not equivalent to tm€D (see the notation 
before Lemma 4.3.3). 

- The conclusions in the assertions (a), (b) and (c) of the following claim do not really depend on 
their respective assumptions, but we will use these assertions later in this form. We define Xj := 0\. 
if i<l, and uj w \ii>l. 

Claim. Assume that r/ > 0. 

(a) The set A n fli<p<„ £^7" n (U ied X t ) is n-dense in U^ 1 n {U ied X t ) if tm« G D and 
tm^D. 

(b) The set U A n ^7" n (II i6d is n-dense in U^T 1 n (n, ed X,) if tm", t^eD 
or tm T, ,tm£D. 

Indeed, let us forget H^d Xi for the moment. We may assume that tm£ i+1 d-L tm& if 1 < i < n, by 
Lemma4.3.3. We set Si := U^ u , for 1 <& < rj. Astm^+i weC an write C S^ 7 **" 1 " 1 , 

for 1 < £j < ry, by induction assumption. If tm T ' G -D and tm ^ D, then S n C y4o T,,+1 . Thus 
A)nni< & <„ ^T' 1 and ^ n ni< fl <^ ^T' 1 are n-dense inU^7 T1 , by Lemma 4.2.3.(2).(c). 

But if 1 < p < i], then there is 1 < i < n with tm p = tm^ 1 . And p<& since we have tm^ 1 
if 1 < % < n. We are done since rii<p<r, ^7" = Hi<fc<„ ^eT £i and 

1<P<»? 1<&<»? 
The claim now comes from Lemma 4.2.4. o 

- Let X := d m . The map Q:X d ^ E\ ((^) d ) is defined on T l+1 by 

' n f1i< P <^ u^7 P n (iL ed x) n n (wW)d if tm^eD^tm^ d, 

G(tm):=< 

k ^ n ni< P <r, ^7' n (n, ed X) if tm", tm G £> V tm", £ £>. 



By the claim, 0(tm) is n-dense in U^ 1 ' 1 n (IIj e( j Xj) if 77 > 0. As tm 1 C t C tm and i?W 
is distinguished in C we get tm 1 i?W t* and f/f C Ur+T' 1 , by induction assumption. Therefore 
t/^ 1 n {U ied Xi) <Z_U^ T1 n (n ied X t ) C 6(tm), and (c4.) i6d € L/" f n (n ied X) C 0(tm) (even if 
77 = 0). Therefore admits a 7r-selector on T l+1 . Indeed, we define, for each ied, 0i : X — ^ by 
Oiitirrii) :=a\. if t; G n?T d , O 00 otherwise. 

- As Trf is a tree with zl^ suitable levels, we can apply Lemma 4. 1.3. Thus admits a 7r-selector 9 on 
T l+l . We set, for seUi[T l+1 ], a\ :=0;(s). 

- We choose Z 1 / sets with d^y -diameter at most 2~ i_1 such that 0(tm) G C 0(tm) if 
tmGT ;+1 . 



24 



- Finally, we choose the O l sq s. We first prove that a\ q G 0\ if aq€U i [T l+1 ], ied and i<l. 

Let tm G T l+1 such that sq = Urrii. Then a l sq = 6i(sq) = 0j(ijmj). As 6{tm) G ®{tm) and i < Z, 
we get a*, eOj. = Oj. 

Now we can define the O l sq s. If G IL;[T' +1 ], then we choose a H\ set O l sq , with cZ^ -diameter 
at most 2~' _1 , such that 



- This finishes the proof since u tm and u^tm => u tm 9 tm, by Lemma 4.3.2. □ 

Now we come to the ambiguous classes. 

Theorem 4.4.2 Let T d be a tree with A\ suitable levels, £ < a successor ordinal, S°, S 1 in 
5^( \T d ~\ ) disjoint, and Ao, A\ disjoint T,\ subsets of {uj' jj ) d . We assume that Theorem 4.2.2 is proved 
for r/ < £. Then one of the following holds: 

(a) AV* n^=0. 

(b) The inequality ((IT/ \T d ]) ied , S°, S 1 ) < {(u") ied , A , A x ) holds. 

Proof. Let us indicate the differences with the proof of Theorem 4.4. 1. Assume that Aq^ n A\ TlL ^ 0. 
We set I £ :=/i[[T d ] \S% so that I £ is a 11° subset of [C]. We also set, for eG2, 

D\-.= {seT d \ s=^y3BeU-\r) seB}, 

and D £ :=T d \£>f. We set, for O , X G 2, D 6ofil :=D% o n D^. For example, 0G£>i,i- 

• Conditions (4), (5), and (7) become the following: 

(4) UgCAV* nAT* if s €Di,i, 

(5) ^C4 £ ifa€D e ,i_ e , 

(7) (s, t~G 7J £il _ £ A sRW t) U t C U s . 

• Fix a G [T^]. There are (6o,0i) £ 2 2 and ko G w such that, for k > ko, a\jk G Dg ^ 1 . Thus 




• Let (a^jgd G ^4o 4 H A\ Ti n fi^uAd, which is nonempty since ^4o Te H .Ai £ ^ is Z 1 /. We choose 
E/jwith (a^G^C^ niT^H^. 
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• The statement of the claim is now as follows: 
Claim. Assume that 77 > 0. 



(a) A £ n ni< p <„ U A 9 n (U ted Xi) is n-dense in D (U iGd X t ) if tm" <£ D eA _ £ and 
(meD E> i_ £ . 

(b) U^ v n rii<p<„ U^ p rp n (U ied Xi) is n-dense in U^J 1 n (n ied Xj) otherwise. 

The point is that trn if tm r ' ^D £ ^ £ since tm v £Dq {U o 1 with e<#o an d 1— £<#i- 

• In the same fashion, 0(im) is now defined as follows: 

[ ^ £ n ni< p < f; ^7" n (U ted Xi) n fi ((jU)<i if tm^ D eA _ £ A 
e(tm):= I 

, ^ n C\i< P <r, n (n ied otherwise. 

We conclude as in the proof of Theorem 4.4. 1. □ 

Now we come to the limit case. We need some more definitions that can be found in [D-SR]. 

Definition 4.4.3 (Debs-Saint Raymond) Let Rbe a tree relation on c <UJ . IftG c <u) , then hji(t) is the 
number of strict R-predecessors oft. So we have hn(t) = Card^P^t)) — 1. 

Let ^<uj\be an infinite limit ordinal. We say that a resolution family (R^) p <£ is uniform if 

Vkeu 3%<£ Vs,t€c <w (min(h RW) (s),h R{ti) (t))<k A s R (vk) t) => s R® t. 

We may ( and will) assume that rjk > 2. 

The following is part of Theorem 1-6.6 in [D-SR]. 

Theorem 4.4.4 (Debs-Saint Raymond) Let £ < w\ be an infinite limit ordinal, R a tree relation, 
(I n )n&u) a sequence ofU® subsets of[R\. Then there is a uniform resolution family (R^) p <£ with 

(a) R(°) = R. 

(b) The canonical map IT: [R^] — > [R] is a continuous bijection. 

(c) The set IT 1 ^) is a closed subset of [R^] for each integer n. 

Here again, the next result is essentially in [L7] (see Theorem 2.4.4). 

Theorem 4.4.5 Let T d be a tree with A\ suitable levels, £ < uj^ an infinite limit ordinal, S in 
E°([Td"|), and A$, A\ disjoint E\ subsets of (uj w ) d . We assume that Theorem 4.2.2 is proved for 
?7<£. Then one of the following holds: 

(a) A?* nAi = 0. 

(b) The inequality ((U^ \T d ]) ied , S, \T d ]\S) < ({u^) ied , A), A x ) holds. 
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Proof. Let us indicate the differences with the proof of Theorem 4.4. 1. 

• The set I:=h[\T d ] \S] is II°([C]). Theorem 4.4.4 provides a uniform resolution family. 

• If tGc <UJ then we set rj(i ) :=max.{rj h (£) ($)+i I sCt }. Note that rj(s ) < 77(f) if sCt 

• Conditions (6) and (7) become 

(6) (l<p<r/(s) t) U r CU^ p , 

(7) ((s, te DVs, t<£ D) A sR® t) U r Q Ug. 

Claim 1. Assume that im p ^tm^. Then p+l <r](tm p+1 ). 

We argue by contradiction. We get p + l > p > r](trfi p+1 ) > »k = % R ^(t^y As 

im p tm we get tm p i?^) im, and also tm p = tm^, which is absurd. o 

Note that £ n _i < £„_i + l < ij(tm^"- 1+1 ) < rj(im). This implies that twP^ = im^. 

Claim 2. (a) The set A n Di^^) ^7" n (n ied J*Q) is n-dense in U^TJ 1 n (n ied if 
im' ? G D and tm^D. 

(b) The set Ujfe D Di< p<r?( ^) ^7" n (II ied X,) is n-dense in TT^T" 1 n (n ied X,) if im?,im € /J 
or im^,tm^D. 

Indeed, we set Si := , for 1 < £j < £. By Claim 1 we can apply Lemma 4.2.3. (2). (c) and we 
are done. o 

• The map 6 : X d -+ ^ is defined on T i+1 by 

' ^ n ni< p <^) f^ p n(n iG(i ^)n^ )d if^G/JAtm^A 

0(im):= < 

, u& nfl!^^) f^7 P n (n, ed x,) if ^ g d v iifc, $ d. 

We conclude as in the proof of Theorem 4.4. 1, using the facts that % > 1 and r](.) is increasing. □ 

Now we come to the ambiguous classes. 

Theorem 4.4.6 Let T be a tree with A\ suitable levels, £ < an infinite limit ordinal, S°, S 1 in 
\Td\ ) disjoint, and Aq, A\ disjoint H\ subsets of(co UJ ) d . We assume that Theorem 4.2.2 is proved 
for 7] < £. Then one of the following holds: 

(a) AV ( n^ e = 0. 

(b) The inequality ((II»\T d ]) ied , S°, S 1 ) < ((uP) ied , A , A x ) holds. 
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Proof. Let us indicate the differences with the proofs of Theorems 4.4.1, 4.4.2 and 4.4.5. 



• The set I s :=h[\T d ] \S £ ] is II°([C]). 

• The statement of Claim 2 is now as follows. 

Claim 2. (a) A e nfli^^) ^7" n {U ied X t ) is n-dense in U^TJ 1 n (U ied X t ) if titfi £ L> £)1 _ £ 
and tm£fl £i i_ £ . 

( b ) ^ n ni< p <„ ( ^) n ( n ^ *i) is n-dense in U^ 1 n (II i6d X,) otherwise. 

• In the same fashion, 0(im) is now defined as follows: 

As n ni< p <„(t^) n ( U ^d Xt) n if £m^£> e> i_ e A tmeD Eil _ £ , 

^ n rii<^(^) ^7 P n (n ied X,) otherwise. 
We conclude as in the proof of Theorem 4.4.5. □ 



9(tm):= 



Lemma 4.4.7 Let T be a Wadge class of Borel sets. Then the class of pot (T) sets is closed under 
pre-images by products of continuous maps. 

Proof. Assume that A G pot(T), A C Hi ed Yi, and /j : Xj — >■ Yj is continuous. Let be a finer 
O-dimensional Polish topology on Yj such that A G r(lL; 6( z (Yj, Tj)). As /j : Xi — > (Y, Tj) is Borel, 
there is a finer O-dimensional Polish topology o; L on Xi such that /j : (Xj, <jj) — >■ (Yj, Tj) is continuous. 
Thus (IL ed / i )- 1 (^)Gr(n. ted (Xi,<Ti)) and (IIj 6d /O-^^Gpot^). □ 

Proof of Theorem 4.1 for £, assuming that Theorem 4.2.2 is proved for r/ < £. 

(1) We assume that (a) does not hold. This implies that the Xj's are not empty. 

- We first prove that we may assume that Xj = lj^ for each ied. 

By 13.5 in [K], there is a finer zero-dimensional Polish topology Tj on Xj, and, by 7.8 in [K], 
(Xj,Tj) is homeomorphic to a closed subset -Fj of lo w , via a map ipi. By 2.8 in [K], there is a 
continuous retraction rj : uj w — >■ Fj. Let A £ be the intersection of Uied Fi with the pre-image of A £ 
by rijgrf ((^j -1 o n). Then A' and A[ are disjoint analytic subsets of (u> ul ) d . Moreover, A' is not 
separable from A[ by a pot (11°) set, since otherwise (a) would hold. 

This gives 9i -.d^^oj" continuous with S C (U ied gi)- l {A' Q ) and [T^ \5 C (U ied g i )- 1 {A' 1 ). It 
remains to set fi(a) := (i^" 1 o r j o (ft) (a) if aG d". 

- To simplify the notation, we may assume that has Z\J levels, £ < ^ and ^4o» -^l are Xj 1 . 
Notice that Ao 4 D A\ is not empty, since otherwise Aq would be separable from A\ by a set in 
n?(r f ) C n^(n) C pot(II<j) set, which is absurd. So (b) holds, by Theorems 4.4.1 and 4.4.5 (as 
n" \T d ~] is compact, we just have to compose with continuous retractions to get functions defined on 
d w ). So (a) or (b) holds. 
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• If P £ pot(llj) separates A from A l and (b) holds, then S C (U ied f,^ 1 (P) C -.( [T d ] VS 1 ). This 
implies that S 1 is separable from \Td] \S by a pot(Il9) set, by Lemma 4.4.7. 

(2) We argue as in the proof of (1). Here we consider Aq ( n A^, and we apply Theorems 4.4.2 and 
4.4.6. This finishes the proof. □ 

Proof of Theorem 4.2.2. We assume that Theorem 4.1 is proved for £, and that Theorem 4.2.2 is 
proved for 77 < £. 

(1) By Lemma 4.2.3, V and V <5 are 77^. 

(a) (b) and (a) (d) are clear since is Polish. 

(b) => (c) We argue by contradiction. As 7 G A\ we get C 7 G Z\J. If (/?, 7) <G y<g, then C 7 G pot(II^), 
which is absurd. If (j3, 7) G Vfo, then (7 7 Gpot(Il(j) Cpot(IT|), which is absurd. If (/?, 7) ^ V <5 U V , 
then we get 7' G Z\{ (see the definition of $ before Theorem 4.2.2). As ((/3) n , (7 ; )n) G F<£, we 
get C( 7 /) n G pot(II^). Now the equality -iC 7 = {j neL0 C( 7 ') n implies that C 7 G pot(II°), which is 
absurd. 

(d) =>■ (e) This comes from the proof of Theorem 4.1.(1). 

(e) =4> (f) This comes from Theorems 4.4.1 and 4.4.5. 

(f) (a) This comes from Theorem 4.1.(1). 

(c) (e) We argue by contradiction, so that Aq^ separates A from Ai. 

If £ = 1, then for each <5 G Ai there is 0,j) G x A\) n Vb such that 5 G C 7 C -iA . 
The first reflection theorem gives G A\ such that ((/3) n , (7')™) G for each integer n and 
Ai C U := Unew C(7')n - ~^o- We choose 7 G A\ n VP with -iC 7 = [7, and (/3, 7) contradicts (c). 

If £ > 2, then by induction assumption and the first reflection theorem there are /3, 7' G A\ with 
((/3) n , (7%) G V<£ and C( 7 / )n C ->A , for each integer n, and ii C [/ := (J n C( 7 / )ri . But U is 
Z\} fl pot(£j?) and separates A 1 from A . So let 7 G A\ n VP with -iC 7 = C7. We have (/?, 7) G V£ and 
C 7 separates Aq from A\, which is absurd. 

(2) It is clear that V£ is 77^. 

(3) We argue as in the proof of (1), except for the implication (c) => (e) (for the implication (e) => (f) 
we use Theorems 4.4.2 and 4.4.6). 

(c) =>- (e) We argue by contradiction. By 4D.2 in [M], there are W G n±{oj) and a partial function 
d : uj — ycu^, 77^ -recursive on W, such that d"W is the set of A\ points of w w . We define 

n Ae :={nGw I (n) ,(n)i£^A (d((n) ),d((n)i))e7 <{ A C d((n)l) n ^ = 0}. 

Then I1a £ G 77^ and V/3 G 3n G I1a U U Al /3 G C d (( n)l ) since n = (we use the 

induction assumption). By the first reflection theorem there is D G A\{uj) such that D C n^ U n^ 1 

andV/3GK) d 3nG7) /3eC d((n)l) . 
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As 77/ has the reduction property, we can find 11^ G 77/ disjoint such that IT^ C T[ Ae and 
^Uff, i =n 4l un Al .W eS elA:=U, £M . i Q((»),)\(U a <„ C d ((,),))- Then 

u o<-»; \(U csa>. 

neflnn' <2<i 

which proves that A G Z\{ npot(A^), and separates A from A ± . Let (/3, 7), (/?', 7') G (Z\{ x A}) n 
with A = C 7 and -A = Cy. Then we get a contradiction with (c). □ 

Remarks. The assertions 4.2. 3. (2). (a) and 4.2.3. (2). (b) admit uniform versions in the following sense. 
By 3E.2, 3F.6 and 3H.1 in [M], there is5:w u xw k, ->w w recursive such that for each recursively 
presented Polish space X there is a universal set U x G 77/ ((uj w ) d ) satisfying the following properties: 

-n\(X) = {U* \a€uT}, 

- nl(X) = {U* \aeu w recursive}, 

- (a, 0, x) eU" w xX o (S(a, 13), x) £U X . 

We set U :=U^ w ^ d . The following relations are 77/: 

Q(a,/3,7)^aGWOA(/3, 7 )G^ Q |, 

R(a,f3,5) aeA\ nWO A |a|>l A^-W/H 

Indeed, this comes from the proof of Lemma 4.2.3. 

• One can give simpler examples S°, S 1 for which Corollary 4.2 is fullfilled when T = 11°. Indeed, 
recall the map defined before Lemma 2.3. As < n for each integer n, we can define the 
sequence s£ :=fe w (n)0 n -l 6 "( n )l. We set S 1 :=§o\§°, where 

S° := { (0<0 7 , 0s> 7 , (n+l)<(n+l) 7 , (n+l)<(n+2) 7 , ...) | (n, 7) G^ x w -} 

(we do not really need T w when T = 11°). We have S° = (U ied n §°~ if (b) holds. Let us 

denote this by 8° < Aq (we have a quasi-order, by continuity of the /j's). 

• The fact that T d has finite levels was used to give a proof of Corollary 4.2 as simple as possible. The 
tree has finite levels when d<u>, and not always when d = co. This is one of the main new points 
in the case of the infinite dimension. Let us specify this. 

(a) We saw in the proof of Proposition 2.2 that the tree T d generated by an effective frame is a tree 
with one-sided almost acyclic levels. As before Lemma 2.6, we can define 

S^:={ae\f d -\ |5(a A ai )GCi}, 

which is not separable from [7^] \ S c by a potentially closed set, since otherwise S c would be 
separable from [7^] \S C by a potentially closed set, which would contradict Lemmas 2.6 and 3.4. 

But A := {0 1+n (l + n)°° | new}C^is not potentially closed since 0°° G A^\A and the 
topology on u is discrete. And one can prove, in a straightforward way, that S Ci j£ Ao and Ao % Sq . 
This proves that the finiteness of the levels of T d is useful. But we will see that it is not necessary. 
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(b) We define o : {s G 2 <UJ \ 0<£s}^u <UJ such that |o(s)| = |s| by 

o(10 no 10 ni ...10 ni ):=0 1+no (l + no) 1+ni ...((l + n ) + ... + (l + n^i)) 1+ni . 

In other words, we have o(s)(i) = i if s(i) = 1, o(s)(i) = o(s)(i — 1) if s(i) = 0. Note that o is an 
injective homomorphism, in the sense that o(s) C o(t) if s C t. This implies that we can extend o to a 
continuous map from the basic clopen set N\ into uj^ by the formula o(q) :=sup mgw o(a|m). 

We set F w := {(mjaj)j gw G | a. G [TL] and Vz € a; rrij = o(aoAai)(i)}, and we put 

5j£ := {{miCti)i eui G F w | ^aoAc^) € Q}. One can take = S£ , and the proof is much more 

complicated than the one we gave. But the tree associated with = is 

{0} U {(miSi) iew G(^) <CJ | (m i ) ieuJ eo"[N 1 } and ?€T U and Vi<|s| mi = o(s A Sl )(i)} , 

and has infinite levels. This proves that the finiteness of the levels of the tree associated with is 
not necessary. 

(c) In [L8], an extension to any dimension of the Kechris-Solecki-Todorcevic dichotomy about ana- 
lytic graphs is proved. In [L5], it is proved that Corollary 4.2 is a consequence of the Kechris-Solecki- 
Todorcevic dichotomy when T = H®. This works as well when d <uj, but not when d = uj. More 
specifically, let G := {a G uj u | Vm Gw 3n>m s^OQa} and 

A w :={(s^i7) iew | n£wA7ew u }. 

Then the extension to the case where d= uj of the Kechris-Solecki-Todorcevic dichotomy works with 
G w fl A w (see [L8]). But one can prove the following result: 

Theorem 4.4.8 Let X be a recursively presented Polish space, ax the topology on generated by 
{IIj gw Cj [ C £A\(ujx X)}, and A a A\ subset of 'X u '. Then exactly one of the following holds: 

(a) A ax \A = %. 

(b) G w n A w < A. 

In particular, G u nA w ^ A and we cannot take E>f = G tAj nA L0 . 

5 The proof of Theorem 1.7 

5.1 Some material in dimension one 

The material in this subsection is due to A. Louveau and J. Saint Raymond, and can be found 
in [Lo-SRl] or [Lo-SR2]. However, some changes are needed for our purposes, and moreover some 
proofs are left to the reader in these papers. So we will sometimes give some proofs. The following 
definition can be found in [Lo-SR2] (see Definition 1.5). 
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Definition 5.1.1 Let 1 < £ <oj\, V and V two classes. Then 

agS^t,V) & A=\J (A p nc p )u Ib\(J c p \ 
P >i \ P >i / 

for some sequence of sets A p in T, B G V, and a sequence (C p ) p >i of pairwise disjoint S° sets. 

Now we come to the definition of second type descriptions of non self-dual Wadge classes of 
Borel sets, which are elements of ujf, sometimes identified with (ujf)^. This definition can also be 
found in [Lo-SR2] (see Definition 1.6). 

Definition 5.1.2 The relations "u is a second type description" and "u describes T" (written 
u&V and T U = T - ambiguously) are the least relations satisfying 

(a) lfu = 0°°, then u^V and T u = {0}. 

(b) If u = ^l^u*, with u* £V and u*(0) = £, then u£V and r u = f u *. 

(c) If u = £"~"2"~"< u p > satisfies £ > \, u p G V, and u p (0) > £, or u p (0) = 0, then u G V and 
r , u = 5'^(U p > 1 T Up ,T U{j ). 

Remark. If A G <%(U p >i T Up ,T Uo ), then A has a decomposition as in Definition 5.1.1, and A p is in 
|J p >i r Mp . But we may assume that A p £ T U(p)o+1 , using the fact that C p may be empty if necessary. 
This remark will be useful in the sequel, since it specifies the class of A p . 

The following result can be found in [Lo-SR2] (see Section 3). 

Theorem 5.1.3 Let T be a non self-dual Wadge class of Borel sets. Then there is u £T> such that 
T(uj u1 ) = T u (u u ). Conversely, 

r u : = {/ _1 (^4) | / : X —> continuous A X O-dimensional Polish space A A^T u (uj u )} 

is a non self -dual Wadge class of Borel sets ifu€V. 

If n < £ < oj\, then £ — n is the unique ordinal 9 with n + 6 = £. The following definition can be 
found in [Lo-SR2] (see Definition 1.9). 

Definition 5.1.4 Let n<ui and kGP. We define u v € V as follows: 

(a) lfu(0) = 0, then u v :=u. 

(b) Ifu = £lu*, with£>\, then u*] := (l+n+(£-l))l(u*y>. 

(c) Ifu = £2 <u p >, withi>\, then vP := (l +??+(£ -1)) 2 < (u P Y' >. 

The following result can be found in [Lo-SR2] (see Proposition 1.10). 
Proposition 5.1.5 (a) If f : oj^ — >■ uj^ is S? +T -measurable, and A G T u (uj UJ )for some u G V, then 

r\A) giv 

(b) The set V is the least subset D C V such that 0°° G D, n(0)ln eDifu G D, 12 < u p >eD if 
Up G D for each pGco, and u v (zDifu£D, for each n < oj±. 

Recall the definition of an independent n-f unction (see Definition 3.3). 
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Example. Let r : uj — > uj be one-to-one (in [Lo-SR2] just before Lemma 2.5, increasing maps are 
considered, but here we relax this condition). We define f : 2 W — > 2 W by f (a) := a o r. Clearly f is an 
independent 0-function, with n(k) = r _1 (/c) if k is in the range of r, otherwise. We now describe 
an important instance of this situation. 

Example. Let n be an integer, and S the shift map (see the notation before Definition 2.5). Then <S n 
is an independent 0-function. Indeed, if we set r n (m) := m+n, then S n = r n , by induction on n. In 
particular, Id2" = 5° is an independent 0-function. 

The next result is essentially Lemma 2.5 in [Lo-SR2], which is given without proof, so we give 
the details here. 

Lemma 5.1.6 Let r : u; — >• W be one-to-one, p an independent r]-function. Then fop is an independent 
rj-function. 

Proof. Let tt associated with p. We define 7r':w-)-w by ir'(k) :=r _1 (7r(fc)) if ir(k) is in the range of 
r, otherwise, so that ir'(k) = mif tr(k) = r(m). If mis an integer, then (fop)(a)(m) = p{a) (r(m)) 
depends only of the values of a on 7r _1 ({r(m)}) C (ir , )~ 1 ({m}). 

If £ = (resp., £ = 6 + 1, £ = sup mgw 6 m ), then C m = {a G 2^ | p(a)(r(m)) = 1} is A?- 
complete (resp., n^-strategically complete, Hi +g ( ^strategically complete). We are done since 
£ = sup p>1 6* T ( m?) ) if £ is a limit ordinal (r is one-to-one). □ 

After Definition 3.3, we saw that pjj is an independent //-function. We will actually prove more, 
actually a result which is essentially Theorem 2.4. (b) in [Lo-SR2]. 

Theorem 5.1.7 Let 77, £ < uj\, p an independent ^-function. Then p[j o p is an independent (£ + 7/)- 
function. 

Proof. Note first that if e G 2, p e : 2 W — > 2 W is equipped with tt £ such that p £ (a)(m) depends only 
on the values of a on (7r £ ) _1 ({m}), then (p° o p 1 )(a)(m) depends only on the values of p 1 (a) on 
(7r°)~ 1 ({m}), so it depends only on the values of a on (7r 1 ) _1 ((7r°) _1 ({m})), so that if we set 
7r:=7r° o 7T 1 , then (p° o p 1 )(a)(m) depends only on the values of a on 7r -1 ({m}). 

• We argue by induction on 77. The result is clear for rj = 0. So assume that 77 = 6 + 1, so that 
/°o P = Po Po° P- The induction assumption implies that p o pis an independent (£+6*) -function. 
The fact that po is an independent 1-function and the previous point prove the existence of such 
that o p){a)(m) depends only on the values of a on 7r J ^ 1 ({m}). 

We set A n := {a G 2 W | (pg o p)(a)(< m, n >) = 1}. Let us prove that f\ neu "^n is n? +?+e - 
strategically complete. 

Assume first that £+0 7^ 0. As p 6 * o p is an independent (£+0) -function, A n is n5 +6 ) n -strategically 
complete, for some 9 n <£+# satisfying 6* ra +l = £+6* if £+0 is a successor ordinal, sup Ttew #„ = £+# 
if £ + 6* is a limit ordinal. Note that £ + 6* = sup ra&J (0 n + l). As p e o p is an independent (£ + #)- 
function, there is 710 such that {p e o p)(a)(q) depends only on the values of a on vr^ 1 ({g}). We set 
Tr(a)(k) := (710(0;)) v so that the fact that a G A n depends only on the values of a on 7r _1 ({n}). By 
Lemma 3.7 in [Lo-SRl], f] new -<A n is Il5 +i c +6 )-strategically complete. 
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Assume now that £ + # = 0. Then A n := {a € 2 W | p(a)(< m,n >) = 1} is A^-complete 
since p is an independent 0-function. Let B be a closed subset of c*/*', (B n ) neuJ a sequence of clopen 
subsets with B = f] neiv B n , and g n : uj w — > 2 W continuous with £? n = g n l {-^A n ). As p is an 
independent 0-function, there is tt p such that p(a)(q) depends only on the values of a on vr~ 1 ({g}). 
We set ir(a)(k) := (7r p (a)) 1 , so that the fact that a £ A n depends only on the values of a on 
7r _1 ({n}). We define g : u+ — >■ 2 W by g(/3)(k) := g n (k)(P)(k), so that 5 is continuous. Moreover, 
/3 G B n 44> 5n(/3) ^ ^4n <?(/?) ^ ^4n since the fact that a £ A n depends only on the values of a on 
7r _1 ({n}). Thus 5 = S -1 (rineu> _ " 4 «) and Hneu; "^n is Incomplete. Therefore f) n6a , is 
Il5 +i c +6 )-strategically complete. 

Now note that 

fine, ^n = {ae2 w I VnGw (pg o p)(a)(< m, n >) = 0} 

= {a€2- I (p opgop)(a)(m) = l} = {a€2- | (pg o p)(a)(m) = 1}. 

Thus {a G 2 W j (pg o p)(a)(m) = 1} is n^^g-strategically complete for each m, and £+77 = £+0+1, 
so that p ' o p is an independent (£+r?) -function. 

• Assume now that rj is a limit ordinal. In the definition of p ' we fixed a sequence (Omeu ^ 77 of 
successor ordinals with S m6aJ 9 m = 77. As pQ m is an independent ^-function, we get ir m : co — > u. 
We define 7r mjm+ i : co — >uj by TT m ,m+i(k) :=k if k<m, ir m (k — m) + m if k>m. Let us check that 
PQ m ' m+1 +a)(i) depends only on the values of a on vr m 1 m+1 ({«}). It is clearly the case if i < m. So 
assume that % > m. Note that ir m , m +i (k) = i if k G (7rm) _1 ({i — m})+m, and we are done. Now the 
first point of this proof gives 7ro iTn +i : uj^-lo such that p^' m+1 \a)(i) depends only on the values of 
a on 7T(7m+i(W)- We will check that pl(a)(m) := p^' m+l \a)(m) depends only on the values of a 
on E m := ^o m+ i({m}) n Dz<m ff cw+i( _ '(^ + !))• ^ e actuair y prove something stronger: for each 
integer k, p^' m+1 \a)(k+m) depends only on the values of a on 

i + i({^™})nfl vr^HZ+l)). 

l<m 

We argue by induction on m. For m = 0, the result is clear. Assume that the result is true for m. Note 
that p l Q' m+2 \a)(k+m+l) depends only on the values of a on irQ m+2 ({k+m+l}). But 

pt m+2 \a){k + m + l)=p^ +1 ' m+2 \p^ 

and we are done since p^ ,m+2 \a){a){k+m+l) depends only on the values of S m+1 (p'o' m+1 \a)), 
which depends only on the values of a on TTQ m+1 (^(m+l)) n f)i <m vr c j" i 1 +1 (-i(/ + l)). 

As the E m 's are pairwise disjoint, we can define a map it v : uj — > u by tt v (k) := m if k € E m , and 
if fc^Umg^ Em- Now it is clear that p2(a)(m) depends only on the values of a on (ir r, )~ 1 ({m}). 
The first point of this proof gives tt v :uj^-uj such that (pjj o p) (a) (m) depends only on the values of 
a on 7r~ 1 ({m}). 
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Let Cm such that m := Cm+L and 6 rn := £+£j <m 6^+Cm, so that 6> m < £+7/ and sup^ 6> mp = £+r] 
for each one-to-one sequence (m p ) p >i of integers. It remains to see that 

C m :={a^ | (pJop)(a)(m) = l} 

is n5 +6 ) m -strategically complete for each integer m. 

Let us check that <S m o p °' m+1 " ) = p^ m o o /<m (5 o Pq™' 1 ' 1 ) for each integer m. We argue by 



induction on m. For m = the property is clear since Pq ' 1 ^ = pg" . Assume that the property is true 
for to. Then 

S m+1 Q p (0,m+2) = f 0l +1 q sm+1 q ^(O.m+l) = Q ^ Q ^m Q ^(0,m+l) 

= Pg™ +1 o5opf O o i<m (5 o p^- i - 1 ) = pj-+ 1 o o,< m (5 o p 6 ™ -') 

since in the last induction we proved that S m+1 o p[ ) ' m+2 - ) = pg m+1 o S m+1 o p^ ,m+1 \ Thus 
C m = {a€2- |p(°' m+1 )(p(a))(TO) = l} = {aG2- | (5 m opf m+1 ) op)( a )(0) = l} 
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= {a€2- | (pf o o /<m (5op- 1 ->^)(«)(0) = l}. 
So it is enough to see that p m := pg m o o /<m (5 o Pg m_!_1 ) ° /> is an independent (6> m + l)-function. 



We argue by induction on m. For m = 0, we are done since p ° o p is by induction assumption an 
independent (£ + 9q) -function, and £ + o ' = £+£ o 7 + l = 0o + l- Assume that the property is true for 

m. Then p m+1 =p m+1 o S o p m . By induction assumption, p m is an independent (6* m + l)-function. 
By Lemma 5.1.6 and the example just before it, S o p m is also an independent (0 m +l)-function. By 
induction assumption, p m+1 is an independent (0 m + l+0^ +1 )-function, and 

0m + l + C+l=e + ^<m ^ + C + l + C+l=e + SKm <?? + C+l + 1 = W + 1 " 

This finishes the proof. □ 

5.2 Some complicated sets 

Now we come to the existence of complicated sets, as in the statement of Theorem 1.7. Their 
construction is based on Theorem 2.7 in [Lo-SR2] that we now change. The main problem is that we 
want to ensure the ccs conditions of Lemma 2.6. To do this, we modify the definition of the maps Tj 
of Lemma 2.1 1 in [Lo-SR2]. 

Notation. Let i be an integer. We define t,- l : oj — s- u by 

' <0,k> if i = 0, 

n(k):=< 

k « *, (Ar) >,(fc)i >ifi>l, 

so that Ti is one-to-one. This allows us to define, for each a € 2 W , q« :=fj(a). If s G (u;\{0}) <a \ then 
f s(0 ) o ... o f s (| s |_i). 
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Lemma 5.2.1 Let T be a non self-dual Wadge class ofBorel sets, and H a T -strategically complete 
set. Then 

(a) The set ^^{H) is Y -strategically complete for each integer i. 

(b) Assume that r :uj —■ oj is one-to-one such that the fact that a£ H depends only on a o r. Then 
L := {a o t | a G H} is V -strategically complete. 

Proof, (a) As fj is continuous, fC l {H) G T(2 UJ ). We define a continuous map f Ti : 2 W — >■ 2 W by 
f n (a)(m) := a(rr 1 (m)) if m is in the range of Tj, otherwise. Note that fj(/ Ti (a)) = a, so that 
H = f~ l [f^ 1 (H)) . This implies that fi~ l {H) is T-strategically complete. 

(b) As in (a), we consider the continuous map f T , so that f (/ T (/3)) = /3 for each /? G 2 W . Here again we 
get that f~ l {H) G r(2 w ). Let /3&L, which gives a£H with = a o r. As / T o r = f (f T = p, 
we get / r (/3) o r = a o r and f T (/3) £ H by the assumption on H. Conversely, if / r (/3) G i^, then 
P = T{MP))=fr(P)°T€L. Thus = and Ler(2-). 

If a G i7, then f (a) = a o r G L. Conversely, assume that f(a) G L. Then there is (3 G with 
/5 o r = a o r. The assumption on H implies that aeH. Thus H = f~ l (L) and L is T-strategically 
complete. □ 

Lemma 5.2.2 Let Y be a Wadge class ofBorel sets, and A C 2 W . Then A G T(2 UJ ) if and only if there 

is Ber(w u ) wfrft i=Bn2 w . 

Proof. =3- Let r : w w — > 2 W be a continuous retraction. We just have to set B := r _1 (A). 

4= Let i:2 w -s>u; w be the canonical injection. Then A = j _1 (5) eT(2 tAj ). □ 

This lemma shows that the notation T u in Theorem 5.1.3 will not create any trouble, since it is 
equivalent to the one in Definition 5.1.2. 

Notation. The following notation can essentially be found in [Lo-SR2] (after Lemma 2.5). Let 1Z be 
the least set of functions from 2 W into itself which contains the functions p[j, the functions fj for i > 1, 
and is closed under composition. By Lemma 5.1.6 and Theorem 5.1.7, each peTZ is an independent 
77-function for some 77 called the order o(p) of p. 

Definition 5.2.3 Let u^T>. A set HC-2^ is strongly u- strategically complete if for each p^ilZof 
order 77, p^ 1 ^) is T u v -strategically complete and ccs. 

Theorem 5.2.4 Let u G V. Then there exists a strongly u- strategically complete set H u C 2 W . In 
particular, H u is T u -complete and ccs. 

Proof. We will check that the sets H u given by Theorem 2.7 in [Lo-SR2] essentially work, even if we 
change them. 

The construction is by induction on u G V. Let us say that u is nice if it satisfies the conclusion 
of the theorem. By Proposition 5.1.5, it is enough to prove that O 00 is nice, that u(0)lu is nice if u is 
nice, that vP is nice if u is nice and n<uj\, and that 12 < u p > is nice if the u p 's are nice. 

• We set Hqoc :=0, which is clearly strongly 0°° -strategically complete. 
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• Assume that u is nice. We set H u r \ lu := -<H U , which is strongly u(0)lu-strategically complete. 
Indeed, if u(0) = 0, then r (u(0 ) lu )„ =r u(0)lu = f u = f u v. If u(0) > 1, then 

r(ti(o)itt)i =r , (i +r)+ („(o)-i))iu'' =r u i 

since u T '(0) = l+77+(u(0)-l). 

• Assume that u is nice, and let rj<(jj\. We set H uV := (pq) -1 ^^), which is strongly u^-strategically 
complete. Indeed, let p £ 7£ of order £. Then p -1 = (p[j ° P) _1 (-£Ai) is 1^+,, -strategically 
complete and compatible with comeager sets since u is nice and p[j o p is in 7£ of order £ + 77. It 
remains to notice that (u^ = -t/ +t ', which is clear by induction on u and by definition of the ordinal 
subtraction. 

• Assume that the u p 's are nice. We set 

( a = 0°° AaiEflu,, 
aeH 12<Up > ^ < or 

(3m£u a (m) = lAV!<m ao(0 = ° A a (m) +2^« (Wo+%+ r 

- Recall that r 12<Up> = Si((J p >i r %» r «o)- We set H o ■= {" G 2^ | a x € F Uo } = fi^(H UQ ), and 
for n>2, 

K :={a€2- | a n G^« (n)o+1 } = r;r 1 (^« (n)o+1 ), 

C n :={aG2 aJ | 3mGw a (m) = l and Ml<m q (/) = and (m) + 2 = n}. 

Note that (C n ) n > 2 is a sequence of pairwise disjoint open sets, and Hq <G r uo , iJ^ € r U(n)()+1 if n > 2 
by Lemma 5.2.1. (a). Moreover, tf 12<Mp> = U„> 2 n C„) U (f^\U„>2 C n) G r 12 < u ° p> (2"), by 
Lemma 5.2.2 and the reduction property for the class of open sets (see 22.16 in [K]). 

- Let p € 1Z of order 77. Then p _1 (-Hi2<u p >) £ r(i2<u p >)i (2 W ), by Proposition 5. 1.5. (a) and a 
retraction argument in the style of the proof of Lemma 5.2.2. Let tt be associated with p, Oq-.lj^-uj 
be a one-to-one enumeration of tt -1 (Ran(ri)) , and, for n > 2, 9 n : oj —tuj be a one-to-one enumeration 
of 7T _1 (Ran(r n )) and 9q : co — >oj be a one-to-one enumeration of 

^({ieRan^o) I (r - 1 (j)) +2 = n}). 

As Tj is one-to-one, Ran(rj) is infinite, and ir^ 1 (Ran(rj)) is also infinite since 7r is onto. This 
proves the existence of the # n 's and of the Oq's. Note that the Ran(rj)'s are pairwise disjoint since 
0=< 0, >. This implies that the elements of {Ran(# n ) | 1} U {Ran(0Q) | n > 2} are pairwise 
disjoint. 

- Note that the fact that a G Hn := p -1 depends only on a o 9 n if 1. We set, for n / 1, 

L£:={ao0 n | 

Note that p~ l {H' Q ) = p -1 (n -1 {H Uo )) = {f\ o is r n g -strategically complete since no 

is nice and ti o p is in 1Z of order 77. Similarly, p _1 (i74) is T n »7 -strategically complete if n > 2. 

(n) + l 

By Lemma 5.2.1.(b), we get that VI is F u v -strategically complete, and L% is T u v -strategically 

(n)o+i 

complete if n > 2. 
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- We set, for n> 2, C% :={a o 6$ \ 3m£ui p(a) (m) = l and (m) +2 = n}. Let us prove that C% 
is S5+r;" strate §i ca ^y complete. 

Note first that {«e2 w | /(a) / 00 } is S^^-strategically complete if / is an independent 
77-f unction. Indeed, with the notation of Definition 3.3, we can write 

{a€2-|/(a) = 0°°}= f| ^C m . 

Moreover, the fact that a G C m depends only of the values of a on nj 1 ({m}). 

Assume first that 77 > 1. As / is an independent 77-f unction, C m is n5 +0 -strategically complete, 
for some 6 m < V satisfying 9 m + 1 = i] if rj is a successor ordinal, sup m£w # m = r\ if 77 is a limit 
ordinal. Note that 77 = sup m6aJ (0 m + l). By Lemma 3.7 in [Lo-SRl], {a£2 u | f(a) = O 00 } is 
Il5 +T; -strategically complete. 

Assume now that rj = 0. As in the proof of Theorem 5.1.7 we see that {a G 2 W | /(a) = O 00 } is 
Il5 +T; -strategically complete. 

Now we come back to the C^'s. We define r : w — > u by r(/c) := < n — 2,k >, so that r is 
one-to-one and Ran(r) = {m G w | (m)o = n — 2}. As p is an independent 77-function, f^op and 
f o fo o p are also independent //-functions by Lemma 5.1.6. The previous point shows that 

L n :={QG2 w I (f or op)(a)/0 00 } 

is ^i +T/ -strategically complete. But 

L n ={aG2 w I BfcGw f((f o p)(a)) (fe) = 1} = {a G 2 W | 3k Gw (f o p)(a) (r(fc)) = 1} 

= {aG2 w I 3mGw (f op)(a)(m) = l and (m) + 2 = n} 

and the fact that a G L n depends only on a o 0q\ By Lemma 5.2.1.(b), we get that C| is 5]? +T; - 
strategically complete. 

- Let H* G r (12<Up>) ,K), say = U n > 2 (#n n C*) U (# *\Un>2 C*), with pairwise disjoint 

C* G i?n £ r u i , and without loss of generality H* G T u v . Then Player 2 has for each n ^ 1 

' (1)0+! 

a winning strategy cr n in G(H*, L%), and for each n > 2 a winning strategy cr* in G(C*, C%). Let 

then Player 2 plays in G(H*, P~ 1 (H Ul2<Up> )) against /3 by playing his strategies a n , cr* at the right 

places (the ranges of 6 n and 9q respectively) against this same j3, independently, and by playing out 

of these ranges. The result is some a such that a o 9 n wins against (3 in G(H*, Ln) and a o 0q wins 

against (3 in G(C*, Cn). This wins, for a G p _1 (iJ^) just in case /3 G i/*, and p(a)o takes value 1 on 

some m with (m)o + 2 = n just in case j3 G C*. But as the C* are pairwise disjoint, there is at most 

one n in {(m)o + 2 | p(a) (m) = 1}, and a G p _1 (C n ) just in case /3 G C*. Thus p _1 (-ffi2<« p >) is 

r (i2<« p >)'7-strategically complete. 
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- It remains to see that p~ x {H 12<Up> ) is ccs. So let a G <i w and F : 2 W -> (c^) ^ 1 satisfying the 
conclusion of Lemma 2.4. (b). 

o Let iV > 1 and M G w. Then p(a)^ G H UM (f N o p)(a) G #„ M a G (t~ n o p)- 1 (H UM ). As 
N> 1, r/v o p is in 7£, and (rjv o p)~ 1 (H UM ) is ccs since mm is nice. Thus p(o)n £H UM if and only 

ifp(s(a AF (a)))^G# MM . 

o Recall the notation before Lemma 2.4. We define g:w <w \{0}— »oj as follows: 

r i(o) if 1*1=1, 

(<t(\t\-l),q(t-)>if\t\>2. 

Let us prove that f s (a)(n) = a(< q((n)os) , {n)\ >) for each s G (w\{0}) <w . 

We argue by induction on \s\. So assume that the result is proved for \s\ <l, which is the case for 

1 = 0. Assume that |s| = 1+ 1. We get 

f s (a)(n) = f s |i(r; (0 (a))(n) = r/ (0 (a)(<g((n) o (s|/))Xra)i>) = a(r s(0 (<g((n)o(s|0),(n)i>)) 
= a({<s(l),q((n) (s\l)) >, (n) 1 ))=a{<q((n) s),(n) 1 >). 

o Let us prove that (po of s )(a) = (poof s ) ^S(aoAFo(a))^ for each sG (w\{0}) <CJ and each aG2 w . 
This comes from the following equivalences: 

(po fs)(a)(n) = <^ 3m £u f s (a)(< n, m >) = 1 44> 3mGw a(< q(ns),m >) = 1 
<=> 3m' Gw 5(a AF (a))(< q(ns),m' >) = 1 

O (po°f s )(s(a AF (a)))(n) = 0. 

o Let us prove that (pjj of s )(a) = (pp of s ) ^<S(ctoAFo(a))^ for each 1 <7]<uj\, each s G (a;\{0}) <w 
and each aG2 w . 

We argue by induction on rj. For rj = l, this comes from the previous point. If 6 > 1 and 77 = 9+ 1, 
then this comes from the fact that p T ' = po o p$. If 77 is a limit ordinal and m is an integer, then 

(pgof a )(a)(m) 
= Po (^(«)) ( m ) = pi°' m+1) (r«(a)) (m) 

= (p^ o ... op^))(p(^)(f s (a)))M = (p^ +1 ) o ... op^))(^(f s (a)))M 
= (pj™' m+1) o ... o p^) ( $ (f s (s{a Q AF (a)))) ) (m) = (pgof,)(5(a AF (a)))(m). 



39 



o Note that p( a ) = 0°° 44> a£(f o p) _1 ({0 00 }). Let us prove that (r o p)- 1 ({0 00 }) is ccs. 

We can write p = °j<i fP , where / is an integer and each p> is either of the form p^, or one of the 
fj's for i > 1. By the previous point, we may assume that that each p> is either p(j = Id2", or one of 
the fj's for i> 1. So there is s € (w\{0}) <w such that p=f s . We get 

a^foop)^^^ 00 })^]™^^ (f op)(a)(m) = l<S>3mew p(a) (r (m)) = 1 

«4> 3mGw f s (a)(< 0,m >) = 1 <^ ]ra£w a(< q(0s),m >) = 1 
]m€w a(p(</(0s), m)) = 1 
3m'Gw S(a AF (a))(p(q{Os),m'))=l 
& S(a AF (a)) $ (f o p)' 1 ^}). 
Thus p(a) = 0°° p(s(a AF (a))^ = 0°°. 

o It remains to see that if p(a)o / O 00 and m a is minimal with p(a)o(m a ) = 1, then 

(m a ) = (m iS ( aoAFo ( Q )))o. 

As in the previous point we may assume that there is s € (w\{0}) <w such that p = f s . The computations 
of the previous point show that p(a)o(m) = a(< q(0s),m >) for each integer m. Note that 

n a :=<q( K Os),m a >=mm{n<Euj | a(n) = 1 A (n)o=<?(0s)} 

since < q(0s), . > is increasing, and similarly 

<q{0s),m S ( ao AF o (a)) >=min{mGw | S(a AF (a)) (m) = 1 A (m) o = q(0s)}. 

But 

B Q [{nGw I «(n) = l and (n)o = g(0s)}] = {mGw | 5(aoAFo(a)) (m) = 1 and (m)o = <z(0s)} 
since B a is a bijection satisfying (n)o = (i? a (n)) . As £? Q is increasing we get 

5 a (n Q ) =< q(Os),m s{a()AFoia)) > . 

Thus (m S ( ao AFo(a)))o=({ B a(n a )) 1 ^ o = ((n a ) 1 ) = (m a ) and we are done. □ 

Corollary 5.2.5 Let Y be a non self -dual Wadge class ofBorel sets. Then there is Cr Q 2 W which is 
Y -complete and ccs. 

Proof. By Theorem 5.1.3 there is u £ V such that Y(u w ) = Y u (uj w ). By Theorem 5.2.4 there is 
H u C 2 U which is strongly IVstrategically complete. It is clear that Cr-=H U is suitable. □ 

Now we can prove Theorem 1.7.(1). But we need some more material to prove Theorem 1.7.(2). 
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Definition 5.2.6 (a) A set U C 2 W is strongly ccs if for each s G (w\{0}) <w the set f s 1 (U) is ccs. 

(b) Let r be a Wadge class ofBorel sets, and Uq, U\ G r(2 w ) disjoint. We say that (Uq, U\) is com- 
plete for pairs of disjoint T sets if for any pair (Aq,Ai) of disjoint T subsets of there is 
f : uj^ — > 2 W continuous such that A £ = f~ 1 (U £ ) for each e G 2. Similarly, we can define the notion of 
a sequence (U p ) p >i complete for sequences of pairwise disjoint Y sets. 

Lemma 5.2.7 (a) There is (Ui,U 2 ) complete for pairs of disjoint Yl® sets with U £ strongly ccs, 
and such that for each s G (oj\{0}) <u; there is a pair (Oi,0 2 ) of ccs sets reducing the pair 
(f u \(U 1 UU 2 ),f u 1 2 (U 1 UU 2 )). 

(b) There is (U p ) p >i complete for sequences of pairwise disjoint S^ 1 sets with U p strongly ccs, and 
such that for each s G (o;\{0}) <tJ there is a sequence (Op)ee{i,2},p>i of ccs sets reducing 
( T se 1 ( C/ p)) £e {i i2 },p>r 

Proof, (a) Recall the definition of H 1 after Definition 3.3: Hi := {0 00 }. We saw that Hi G 11° (2") 
and is n^-complete. We set U := ->Hi, so that U is S^-complete. Let (Ai,A 2 ) be a pair of disjoint 
subsets of uj^ ' . AsU is complete there are fi , f 2 : oj^ — > 2 W continuous such that A £ = Z^ 1 for 
each e G {1, 2}. We define / : -> 2 W by 



/(«)«<£, (fc)o>,(fc)i»:= 



f e (a)(k) ife€{l,2}, 
otherwise, 



so that / is continuous and f e = f e o f. Now A £ = f 1 (f e 1 (U)) and (f x 1 (U) , f 2 1 ([/)) is complete 
for pairs of S° sets (not necessarily disjoint). Note that 

f- 1 (U)={a€2» | 3k£u a({ < e,{k) >,(fc)i)) = l} 
= {a£2 w \3N£u ((N) ) = e Aa(iV) = l}. 

Weset V £ :={aG2 w | 3N£u ((N) ) Q = e A a{N) = 1 A V/ < N (((0o) i {1, 2} V a(Z) = o) }. 
Note that V; € £? and (VI , F 2 ) reduces (f f 1 (17) , f 2 _1 (£/)) . Thus 

«e4 f(a)ef-\U) o /(^ef-^^Vfgi^f/) o /(«)g7 £ 

and (Vi, V2) is complete for pairs of disjoint S° sets. Recall the definition of To before Lemma 5.2.1. 
We set U £ := f _1 (V e ), which defines a pair of disjoint sets. Now g(a) :=< a, a, ... > defines 

g : 2 U -> 2 U continuous. Note that aei £ « /(a) G V £ f (#(/(a))) G V £ g(f(a)) G U £ , 

which shows that (£/i, U 2 ) is complete for pairs of disjoint S° sets. 

Fix s G (a;\{0}) <tu . The proof of Theorem 5.2.4 shows that f s (a)(n) = a( <q((n)os), (n)i > ). 
We get 

t- 1 (C/ £ ) = |qg2 w I 3Neu ((N) Q ) Q = e A a{<q{0s), N >) = 1 A 

V/ < AT (((0o) i {1, 2} V a(< g(0s), / >) = 0) }. 
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Thus 

f- 1 (U £ ) = ^ae2 ul | 3M G oj (((M)i) ) q = e A (M) = q(Os) A a(M) = 1 A 

VZ<M ('(((M) 1 ) ) o ^{l,2}V(Oo^9(0 S )Va(0 = 



Recall the conclusion of Lemma 2.4. (b). The bijection B a induces an increasing bijection between 

{mgw I (((M)i) ) o e{l,2} A (M) = 9(0s) Aa(M) = l} and 

{M'Gw I (((M')i) ) €{1,2} A (M') = q(Qs) A5(a AF(a))(M') = l) 

since (M) = (-B Q (M)) Q and ((M)i) Q = ^(i? a (M)) 1 ^ . A second application of this shows that 
f~ 1 (U £ ) is ccs. Thus U £ strongly ccs. Note that 

f£(U 1 \JU 2 ) = {a€? i | 3M£co (((M)i) ) G {1, 2} A (M) = g(01s £ ) A a(M) = l}. 



We set 



O e :=|aG2 tJ | ]MGw (((M)i) ) q G{1,2} A (M)o = g(01se) A a{M) = 1 A 

V/ < M ((((0i) ) ^ {!- 2 } v (Oo £ {?(01«1), g(01*2)} V a(Z) = 



This defines a pair of sets reducing (f ls \(Ui U L^), ^^(^l u ^2))- We check that they are ccs 
as for f ~ 1 (E/ e ). 

(b) The proof is completely similar to that of (a). □ 

The following result is a consequence of Theorem 1.9 and Lemmas 1.11, 1.23 in [Lol], and of 
Theorem 3 in [Lo-SR3]: 

Theorem 5.2.8 Let T be a self -dual Wadge class ofBorel sets. Then there is a non self-dual Wadge 
class ofBorel sets V such that Yiuj^) = A(r")(w w ), T' does not have the separation property, and 
one of the following holds: 

(1) There isu€V such that 

r'(oj") = {(A) n c ) u (A 1 n d) | A , ^ g r s ( w w ) a c , d g sJK) a c n d =0}. 

(2) TTiere /j ((«')?>) p >i SMC ^ that (r ( y-) p (u/- J )) p>1 w strictly increasing and 

rV) = { (J (i p ng I A p er {u , )p (u;")AC p e'£ 1 (u")AC p nc q =(t)if P ^q}. 
p>i 

Lemma 5.2.9 Le? r' as in f/ie statement of Theorem 5.2.8. Then there are C^C 1 G r'(2 w ) 
disjoint, ccs, and not separable by a A(r') set. 
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Proof. (1) Lemma 5. 2.7. (a) gives (Ui, U^) complete for pairs of disjoint sets with U £ strongly 
ccs, and such that for each s G (w\{0}) <w there is a pair (0\, 2 ) of ccs sets reducing the pair 
{fi s \(Ui U U2),f± s \(Ui U 1/2)). Theorem 5.2.4 gives F<jC 2 W which is T— complete and strongly 
ccs. We set H:= (f-f 1 ^) n ff 1 ^)) U ^(-F^ff 1 ^)) and, for e€{l, 2}, F £ -ff^H). 
Finally, we set C £ := (O e n E e ) U (0 3 _ £ \F 3 _ £ ). 

• We set, for e,j G {1, 2}, Af -^(H^, A £ ^f^ 1 ("•#«)> F? :=f£(Uj), so that 

F £ = (Af ni^)u(A|n*f). 

Note that 

C £ = (Af n Ff n o e ) u (A| n Ff n o e ) u (-A 3 ~ £ n f 3 ~ £ n o 3 _ £ ) u (-A 3 - £ n f 3 ^ £ n o 3 _ £ ) 
= (((Af n Ff n o £ ) u {^A\- £ n f|- £ n o 3 _ £ )) n ((Ff n o £ ) u (f 3 ~ £ n o 3 _ e ))) u 

(((A| n Ff n £ ) u (-A 3 ~ £ n F 3 ~ £ n 3 _ £ )) n ((Ff n £ ) u (F 3 ~ £ n 3 _ £ ))) , 

and that Ff n O e , F 3 " £ n 3 _ £ , F| n O e , F 3 ~ £ n <3 3 _ £ are pairwise disjoint open subsets of 2 U . By 
Lemma 5.2.2 and the reduction property for S^ 1 we can write C e as the intersection of 2 W with 

(((^?n<9f)u(^ _e n0f _e ))n(<9fu^^ 

where A\ , -iAf GrV(w w ) and C? £ are four pairwise disjoint open subsets of w u . By Lemma 1.4.(b) in 

[Loi], (Afno^u^A^nofr^^Afnc^ 

by Lemma 5.2.2 again. 

• It is clear that C 1 and C 2 are disjoint and ccs. 

• Assume, towards a contradiction, that D G A(r') separates C 1 from C 2 . Let L>i,F 2 G r'(w w ) 
disjoint. As F is complete we get f e : uj^ — >■ 2 W continuous such that F £ = / e _1 (F). We define 
/:^^2 w by 

._ // e (a)(fc) if £€{1,2}, 



/(a)«<e, (fc) >,(fc)i»:= 



1 otherwise, 



so that (f(a)) £ = f e (a). Then / is continuous and D £ = f~ 1 {E £ ). Note that F £ \F 3 _ £ C C e . This 
implies that a I D x ^ /(a) /(a) € Fi\F 2 =► /(a) eCiQD. Similarly, L> 2 C f-\->D), 

and f^ 1 (D) G A(r")(cj w ) separates L>i from L> 2 . Thus r" has the separation property, which is 
absurd. 

(2) Lemma 5.2.7. (b) gives (U p ) p >i complete for sequences of pairwise disjoint S° sets with U p 
strongly ccs, and such that for each s G (w\{0}) <tJ there is a sequence (Op) £ e{i i 2}, P >i of ccs ^1 
sets reducing (^ S£ 1 (^ P )) £e | 1 2 } p>1 - Theorem 5.2.4 gives C 2" which is T( u ') p -complete and 

strongly ccs. We set F:=U P >i (r^ 1 (#(«')„) n ^"H^p)) and ' for £G {1, 2}, F £ -f^F). 
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We also set A e p := f^ )£ (H {u , )p ), F£ := f^(U p ), so that E £ = \J p ^ (A* n F p e ). Finally, we set 

c e := (A\ n Of) u U p >! ((o^- £ \4" £ ) U (^+1 n °Ui))- 

Note that C e G r'(2 w ) since (T( M /) p (w w )) p>1 is strictly increasing, using again Lemma 5.2.2, the 
generalized reduction property for S° (see 22.16 in [K]), and Lemma 1.4(b) in [Lol]. Here again, 
E £ \E^-£ C C e and we conclude as in (1). □ 

Proof of Theorem 1.7. It is clear that Proposition 2.2, Lemmas 2.3, 2.6, Corollary 5.2.5, Lemma 
5.2.9 and Theorem 3. 1 imply Theorem 1 .7, if we set S£ : = S% r and Sf, : = S$ e . □ 



6 The proof of Theorem 1.8 

We first introduce an operator in the spirit of <I> defined before Theorem 4.2.2, but in dimension 
one. Another important difference to notice is the following. In Theorem 4.2.2, (f) for example, S 
is in a boldface class, while Aq and A\ are in a lightface class. The same phenomenon will hold in 
the case of Wadge classes, and in the new operator we introduce we have boldface conditions (for 
example, we do not ask 7' to be A\(/3)). We code the Borel classes, and define an operator <J>i on 
uj^ x oj^ to do it. Recall the definition of Seq before Lemma 2.3. We set 

W :={(/?, 7) €w w xW™ w I (/3(0)eSeqAC!f = {6 ecu" | l' 1 (/3(0)) C 5}) V 

(/3(0)^SeqACf =0)}, 

^i(A):=iUiy u{(ft7)ew u xr" |ayew w VnGw ({P) n ,{y)n)eA and 

In the sequel, we will denote $< ? :=U TKf 
Lemma 6.1 Let 1 < £ < a«<i i? C u; w . 77iera B G Il| j/and on/y if there is (j3, 7) G <&f smc/i f/iaf 

Proof. Note first that B = N s := {5 G a/-" | s C 5} for some s G w <w or B = if and only if there is 

(f3, 7) G Wq = 3>5 with C^" = -B. Then 

BenS«»3(s n ) n6w €(w <w ) w ^ = Uneo, W 8 „V-.S = 

^3/3,7'G^ VnG^ (03)„, (Y)„) €$? A -.B = U n6w C^ )n 
^3(/3, 7 )G${ Cf = B. 

Assume now that the result is proved for 1 < 77 < £ > 2. We get 

B€n°^3(B n ) n6w €(ny w -B=|j n6w s n 

^3/3,7'Go;- VnGu, ((fln, (Y)n) €<&< € A -B = U n6w C# )b 
^3(/3, 7 )G$f C^ w =5. 

This finishes the proof. □ 
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We now define a 77/ coding of V (recall Definition 5.1.2). 

Notation. We define an inductive operator A over as follows: 

A(79):=79U {aeu u | Vn£w (a) n G WO A \{a) n \ =0} U 

{a£w u | VwGw (a)„eWO A (a) = (a) 2 A |(a)i| = lA < (a) 2 +j >G79}u 
{aGw u | VnGw (a)„ G WO A |(a) | > 1 A |(a)i|=2 A 
VpGw < (a) 2 +< p ,g> >€f A (|(a) 2 +< P ,o>|>|(a)o| V |(a) 2 +<p,o> | =0) }. 

Then A is a 77/ monotone inductive operator, by 4A.2 in [M]. 

By7C.lin[M] wegetA°°:=U ? A* = A(A°°) = f){DC( J j u \ A(D)CD}. An easy induction on 
£ shows that A°° C { a e w w | VnGw (a) n € WO }, so that the coding function c, partially defined by 
c(q) := (|(a)„|) n6w , is defined on A°°. 

Lemma 6.2 The set A°° is a Til coding ofV, which means that A°° G 77/(0^) and c[A°°] = £>. 

Proof. We first prove that A°° G 77/ (u^) (see 7C in [M] for that). We define a set relation </?(a, D) on 
cj w by 99(0, D) -£4> a G A(79). As A is monotone, <p is operative. If Q G 77/ (Zxw u ), then the relation 
ip{a, {/3 G w w | (z, /3) G Q}) is in 77/. Thus 99 is 77/ on 77/. By 7C.8 in [M], (p°°(a) is in 77/ and 
A°°G 77/(0;"). 

Let f3 £ G WO such that \/3 E \ = e, for e G 3. Then < /3 | n G w >G A C A°°, so that O 00 G c[A°°]. 
Let G c[A°°], a* G A°° with = c(a*). Then < (a*) , (a*) , (a*)i, ... >G A(A°°) = A°°, so 
that u*(0)lu* = c(< (a*) , /3i, (a*)o, (a*)i, ... >) Gc[A°°]. 

Now let £> 1, n p Gc[A°°] such that u p (0) >£ or u p (0) = 0, for eachpGw. Choose qGWO with 
|a|=£, anda p gA°° with Up = c(a p ). Then < a, ft, (a (0)o )(o)! , (a (1)o )(i)! , - >G A(A°°) = A°°, so 
that £2 < u p >=c( < a,ft,(a (0)o )(o) 1 ,(a (1)o )(i) 1 ,.- >)gc[A°°]. Thus DC C [A°°]. 

Assume now that PCw^ satisfies the following properties: 

(a) 0°°Gl3. 

(b) u*et>^ u*(0)iu*ev. 

(c) ^>lAVpew (u p £V A (n p (0)>£ V u p (0) = 0))) => £2 < u p >Gl3. 

We set D := {a G oj^ \ VnGw (a)„ G WO A c(a) Gl3}. It remains to see that A(79) C 79. Indeed, 
this will imply that A°° C 79, c[A°°] C c[79] C X> and c[A°°] C P. 

As O 00 G l3 we get {aGw^ | Vn G w (a) n G WO A |(a)„|=0} C 79. Assume that (a) n GWO 
for each n£uj, that (a)o = (a) 2 , |(a)i| = 1 and < (a) 2 +j >G 79. Then u* := (|(a) 2+ jj) G V, and 
\(a) 2 \lu* eV. Thus c(a) G79 and a G 79. 

Assume now that (a) n G WO for each n G w, |(a)o| > L |( a )i| = 2, < (a) 2 +<p j(? > >G 79, 
and |(a) 2+< p i o>| > |(a)o| or |(a)2+<p,o> I = for each p G 00. We set £ := |(a)o|- Then we have 
Up := (|(a) 2 +< p , g >|) Gl3, and £2 < u p >€V. Thus c(q) G P and a G 79. □ 
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Note that just like Definition 5.1.2, the definition of A is cut into three cases, that we will meet 
again later on: |(a)i| = (or, equivalently, \(a) n \ = for each integer n), \(a)i \ = 1 or \(a)i | = 2. 

Even if "u G V" is the least relation satisfying some conditions, some simplifications are possible. 
For example, Toioio 00 = ■ Some other simplifications are possible, and some of them will sim- 
plify the notation later on. This will lead to the notion of a normalized code of a description. To define 
it, we need to associate a tree to a code of a description. The idea is to describe the construction of 
a set in T u using simpler and simpler sets, until we get the simplest set, namely the empty set. More 
specifically, we define 1 : A°° — > {trees onwx A 00 } as follows. Let a G A^ \ A^. We set 



1(a):-- 



f {0}U{<(O,a)>}if |(a)i| = 0, 

{0}u{(O,a)~s | aeX(<(a) 2+ j>)}if |(a)i| = l, 

{0}u{(O,a)^s | seT(<(a) 2+<0 , 9 >>)}u 

U P >i {(P, a )^ s I s^(<(a)2+<Wo+i,?>>)} if |(a)i| = 2. 



An easy induction on v shows that 1(a) is always a countable well-founded tree (the first coordinate 
of (p, a) ensures the well-foundedness). A sequence s G 1(a) is said to be maximal if s C t G 1(a) 
implies that s = t. Note that | (si(|s|— 1)) 1 | =0 if s is maximal. We denote by M a the set of maximal 
sequences in 1(a). 

Definition 6.3 We say that a G A°° is normalized if the following holds: 

(seM a A i < |s| A |(s 1 («)) 1 |=l) =>i=\s\-2. 

This means that in a maximal sequence s of 1(a), | (si (i)) 1 1 is 2, then possibly 1 once, and finally 
once. The next lemma says that we can always assume that a is normalized. It is based on the fact 

that5 ? (r,r')=^(f,f / )- 

Lemma 6.4 Let a G A°°. Then there is a' G A°° normalized with (ck')o = (a)o and ^ c (a') = ^c(a)- 

Proof. Assume that a G A^ \ A < ^. We argue by induction on £. 
Case 1. |(a)i|=0. 

We just set a' := a since | (si (i)) 1 1 = 0. 
Case 2. |(a)i| = l. 

• We first define N : A°° — )■ A°° as follows. We ensure that (N(/3)) Q = (/3) and T c{Nm 
i9i€ WO with |0i | = 1. We set 

:0 ' 

wm., , if irm, 1 = 1 

N(f3): 



r c (/3). Let 



{ <(/3) ,/3i,(/3)o,(/3) 1 ,(/3) 2 ,...> if |(/3)i| 
<03) 2+j > if 1(0)1 1 = 1, 

<(f3) ,(f3) 1 ,((N(<((3) 2+<i ^ 2)(uq> > 



(i-2)j 



> if l(/?)i| = 2, 



i>2 



and one easily checks that N is defined and suitable. 
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• As < (0)2+ j >G A<£, the induction assumption gives a" G A°° normalized satisfying the equalities 

(a")o = (a) 2 = (a)o and r c(a ,,) = r c(<(a)2+j . >) . In particular, 

r c (a) =r C (<( Q ) 2+i >) =r c ( a ») =r C ( A r( Q //)). 

So we have to find a' G A°° normalized with (a')o = (a")o and T C ( Q /) = T c / N / a »\y Assume that 
a" G A r '\A <v . We argue by induction on i]. 

Subcase 1. |(a")i|<l. 

We just set a':=N(a"). 
Subcase 2. |(a")i| = 2. 

Note that < (a")2+<p,g> > is normalized since (0, a")'~~s G A4 Q " (resp., (p, a")'~~s G A4 a ") 
if s G A4 (Q //) 2+<() g> (resp., s G - A ^(a") 2+ < (p)o+ i,, > and P ^ x )- The induction assumption gives 
< (a')2+<p,g> >G A°° normalized with (a')2+< P ,o> = {a")2+< P ,o> and 

r c(<(a')2+<p, 9 >>) = r c(iV(<(a")2 + < P , 9 >>))- 

We set (a')i := (a")i if i G 2 and we are done. 
Case 3. |(a)i| = 2. 

The induction assumption gives < (a')2+<p,g> A 00 normalized satisfying the equalities 

(a / )2+< P ,o> = (a)2+< P ,o> and T c{<a , )2+<p q> » = r c(<(a)a+<M> ». We set (a')i := (a)i if i G 2 and 
we are done. □ 

Using $1, we will now code the non self-dual Wadge classes of Borel sets, and define an operator 
Ti on (u^f to do it. We set 



Ti(A):=AU <| (a,0,7)€(w w ) 2 xW rw "' | VnGw (a) n G WO A 

VnGw |(a) n | = 0A/3(0) = ACf =0 ) V 



|(a)i| = l A(a) = (a) 2 A/3(0) = l A 
3 7 'Gu;- (< (a) 2+j >, /?*, 7') G A A Of =-C^ V 

(|(a)i| = 2 A |(a) |>l A VpGw (|(a) 2+<p , >| > |(a)o| V |(a) 2+ < p , >| = 0) A 

/3(0) = 2A3 7 'G^ (< (a) 2+<0 , g > >, (/3*)o, (Y)o) SA A 
Vp>l (<(a) 2+<(p)o+M> >, ((/3*) p ) , ((7') P ) ) ^ A {{(P) p ) v ((7')^) G^ ' A 

C 7 =U P >i ( c 'a7') P )o\ c '«7') P )i) u ( c (7')o n n P >i c «7') P )i) ) r 
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Lemma 6.5 Let £ be an ordinal. 

(a) Assume that (a, (3, 7) G T^. Then aG A^. 

(b) Let a G am/ £? C d^. Then B G r c ( Q ) if and only if there are (3, 7 G w w swc/i f/iaf (a, /?, 7) G Y| 
andCf=B. 

Proof, (a) We argue by induction on £. So let a G Y|\T^. We may assume that |(ct)i| > 1. 
If |(a)i| = 1, then (< (a) 2 +j >,/?*, 7') G for some 7' and < (a) 2+ j >G A <? by induction 
assumption, so we are done. If | (a)\ \ = 2, then 

(< («) 2+ <o >(? > >, (Do, (7)0), ( < (a) 2+<(p)o+M> >, ((/T) P ) , ((7')p) ) 

for some 7' and < (a)2+< p ,<y> >G A<£ by induction assumption for each integer p. 

(b) =>• We argue by induction on £, and we may assume that a ^ A < ^. 

Case 1. |(a)i| = 0. 

Note that c(a) = O 00 and B = $. We set j3 := O 00 , and we choose 7 G W"" with C 7 = 0. Then 

(a,/3, 7 )GT?CTf. 

Case 2. |(a)i| = l. 

Note that < (0)2+^ >G A < ^, and -i5 G r c ( < ( Q ) 2+j> ). By induction assumption we get /3', 7' G oj u 
such that (< (0)2+3 >,/?', 7') € Tf 5 and = — «J3. We set /3 := 1/3' and we choose 7 G W u " with 

Case 3. |(a)i| = 2. 

Note that < (a)2+< Pj(? > >G A<£ for each integer p. We can write 

B=\J (A p nc p )u(B'\(j c p ), 

P>1 P>1 
where (C p ) p >i is a sequence of pairwise disjoint Ej^ o | sets, B' G ^c(<(a) 2+< o q > >) anc ^ 

A> G r c(<(a) 2+ <(p) 0+ i,g> >) • 

Lemma 6.1 gives (((/S*) P ) 1 , ((7')p)i) g ^i^"' such that ^((y) ) x = ~^ c v Tne induction assump- 
tion gives Q3*) ,(Y)o e such that (< (a) 2+<0 , q> >, (/3*) , ( 7 ')o) G T<« and = 5', 

and ((/3*) P ) ,((7') P ) G ^ such that ( < (a) 2+<(p)o+li(?> >, ((/3*) P ) , ((V)p) ) G Tf 5 and 
C^, )p)o = A p . We set 0(0) := 2 and we choose 7 G W"" with 

C 7 =U ( C «70 P )o\ C «7') P )l) U ( C (7')o n H C «7') P )i)- 
p>l p>l 
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<= We argue by induction on £, and we may assume that (a, (3, 7) ^ T l \ 
Case 1. |(a)i| = 0. 

Note that B = Cjf = G IV = r c(a) . 
Case 2. |(a)i| = l. 

Note that there is 7' such that (< (a) 2 +j >,/?*, 7') G Tf 5 and C*^ = -.C^", which implies that 

Bet c(<(ah+j>) = T c(a) . 

Case 3. |(a)i| = 2. 

We get 7' since (a, j3, 7) G T^. As 

(< (a) 2 +<o l(? > >, (Do, (V)o), ( < (a)2+<(p) +i, g > >, ((/3*)p) . ((V)p) ) gT ^ 
we get C$ )o G r c(<(a)a+<0iB>>) and C^, )p)Q G r c «( a)2+<(p)o+li9> », by induction assumption. As 
((03*)p)i> ((7')p)!) e we get C^ )p)i GII° q)o| by Lemma 6.1. This implies that 

B £ 5 |(a)o|( U r c«(a) 2+<P , 9 >» ) r c«(a) 2+ <0, 9 >») = r c(a)- 

This finishes the proof. □ 

Remark. We will also consider the operator T defined just like Ti, except that 

- We replace (W"" , ) with (W, C) (we work in (uj w ) d instead of lo w ). 

- We replace the condition of the form (/3, 7) G Q^ ^ with ((a)o, /3, 7) G Q ( see the remark at the 
end of Section 4 for the definition of Q). 

- We ask (3, 7, 7' to be Z\J (a), so that T is a IJ^ monotone inductive operator. 

To prove Theorem 1.8, we will consider some tuples v := (a, clq, 0-1,0^,^^), where a G A°°. 
We will inductively define them through an inductive operator over (u;^) 6 called 6. The definition 
of 9 is in the spirit of that of Ti, and is cut into three cases, depending on the value of |(a)i|. As 
the definition of is long and technical, we give first some more informal explanations about its 
meaning. We will have v G 0°°. So there is an ordinal £ such that v G 0^. 

- a G A? is a (normalized in practice) code for a description u = c(a). 

- do, «i G are codes for a pair of disjoint analytic subsets of (oj u ) d . Using the good universal 
set U for III defined after the proof of Theorem 4.2.2, at the end of Section 4, we will actually code 
the complement of these analytic sets, so that we will set Ai := -M. ai for i G 2. 

- Similarly, Oq,^ G ^i(a) are codes for a pair of disjoint analytic subsets of (uf) d . In fact, we 
will have A± := C A{. These codes will be used to build r, and a ,a l5 r will be com- 
pletely determined by (a,ao,a\). So one should think that = a^a, ao,a\) ~ cii(u, ao,a\), 
r = r(a, ao, a\) ~r(u, ao, a\). We need the following lemma to specify their meaning. 
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Lemma 6.6 There is a recursive map f a : {uj u ) 2 —tui^ such that Uf a ( a ^ =U^ Q U |J p >i _,_, ^(r) p r|a| 
ifa£A\ n WO and \a\ > 1. 

Proof. Note first that P :={(/?, <5) Go/" x (o/") d | (/3) G n WO A |(/3) | > 1 A 

^%). u u^i ^%w7 l(/,)o1 } 

is a 77/ set, by the remark at the end of Section 4 defining 7?. This gives 7 G w w recursive with 
P=uf x(ul0J)d . LetaG/\{ nWO with |a|>l, and re a;". We have 

<5eW (r)o uU p >i — W (r)/ H ^ (< a,r,r,... >,<?)e^ 

O ( 7 ,< a,r,r,... >,l)G^ x ^) d 
o (5(7, < a,r,r,... >),S)eU 

We just have to set f a {a, r) :=5( 7 , < a, r, r, ... >). □ 
The following will hold: 

o If u = OD or u = £lu*, then a i = a i (a,ao,ai) = a i (u, ao,ai) = aj. 

o If u = ^2 < Up >, then there will be a' , a[,r' G ^i(a) such that, for each p> 1, 

( < (a) 2 +<(p) +i,g> >> a 0, 01, (flo)p, (Op, (r%) G 9 <€ . 

We will have a i = a i (u,a ,ai) = f a ((a)o, < a%, (r')i, (r') 2 , ...>), and (r% = r(n (p)o+1 , a , ai) if 
p> 1. In particular, i i = i i n p| P >i ^4(u (p)o+1 ,a ,a 1 ) 7 *- 

- r G ^i( a ) i s a co ^ e f° r an analytic subset of (uj^Y playing the role that Aq Til n A\ played in 
Theorem 4.2.2. In other words, the emptyness of this analytic set is equivalent to the possibility of 
separating Aq from A\ by a pot(T u ) set. Here again, using U, we will actually code the complement 
of this analytic set: -U r is an analytic subset of (uj UJ ) d . In particular, 

o If u = 0°°, then r = r(a, ao, a±) = r(u, ao, a\) = a\. 

o If u = £lu*, then r = r(a, ao, ai) = r(u, ao, a±) = ao- 

o If u = ^2 < Up >, then we there will be a ', a'/ G sucri mat 

(< (")2+<o,4> >>«o>«i 5 ao' a i' r ) e ® <$ - 

In particular, r(u, ao, a\) = r(uo, a , a-J = r(uo,a (u, ao, ai), a^u, ao, ai))- We are now ready to 
define (recall the remark at the end of Section 4 defining Q). 
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The operator is defined as follows (recall the definition of A): 

Q(A):=AU ^(a,a ,a 1 ,a ,a 1 ,r)e(uj lv H A\(a)) 6 | VnGw (a) n £ WO A 

(VnGw \(a) n \=0 AU ao UU ai = (^) d A(a o ,a l ) = (a ,a 1 ) Ar = ai ^j V 
^|(a)i| = l A (a) = (a) 2 A (< {a) 2 +j >,a ,ai,a ,a l ,a 1 )eA Ar = a^\ V 
|(a)i| = 2A |(a) |>l AVpew (|(a) 2 +< P ,o>| > |(«)o| V |(a) 2 +< P ,o>| = 0) A 



3a ,ai,r'GZ\J(a) ( < (a) 2+< o, q> >,a ,ai, (a' ) , K)o, (r')o) A 
Vp>l (< (a) 2+ <(p) 0+ i, g > >,a ,ai,(ao) p , (ai) p , (r') p )eA A 
ViG2 o i = / a ((a)o,< Oi,(r')i,(r')2,- >) A 

3a'^a'{eA\{a) (< (a) 2 +<o, g > > > £o>^l> a 0' a l> 

r)€A 

Then 6 is a 77/ monotone inductive operator. 

Remark. Let £ be an ordinal, and v := (a, ao, ai, «o>^i> r ) e Then an induction on £ shows the 
following properties: 

- ~Ua i != ~~W 0j for each z G 2. In particular, _| Wa H = 0- 

- a , a l5 r are completely determined by (a, ao, ai). 

- If -Uai Q -Ubi for each i G 2, then -.Z4. C ^ for each i € 2 and -W r ( Q ,a ,ai) Q ^(afioM)- 

- There is i G 2 such that C ~U ai . 

Lemma 6.7 (a) Let £ &e arc ordinal, a G Z\}, arca 1 (a, (3, 7) G T^. 77ie« a G ana" ^e? C 7 w in 

^nr c(a) (n). 

(b) Let a G Z\{ fl A°° normalized, ao, ai G Z\{ w/fft AqC\ A\ = 0. 7/zera ?/jere are a , a 1; r G w w smc/j 
rta? (a, ao, ai, a , a^r) G O 00 . 

Proof, (a) We argue as in the proof of Lemmas 6.5. (a) and 6.5.(b)-<=. The only thing to notice is that 
in the case |(a)i| = 2, ((a)o, ((P*)p) v {(l')p)i) G Q- Proposition 2.2, Lemma 2.3 and Theorem 
3.1 give a tree 7^ with A\ suitable levels and S G S^^^fT^]) not separable from \T^\ \ S by a 

pot(n|| Q ^ ) |) set. AsaG/ij;, |(a)o <<^f^ and Theorem 4.2.2 implies that C(( 7 ') J) ) 1 is in Ilj^^fji). 
Thus C T Gr c(a) (ri). 

(b) Let £ be an ordinal with a G A^. Here again we argue by induction on £. So assume that a £ A<£. 
Case 1. I (a) 1 1 = 0. 

Let a, :=aj and r:=a\. Then (a, ao, ai, a , a 1; r) G 0° C0°°. 
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Case 2. |(a)i| = l. 

As < {a)2+j >GA^ we get, by induction assumption, (a^a^r') with 

(< (a) 2+j >,ao,ai,a ,a 1 ,r')ee° . 
As a is normalized we get \ {a)2+j | = for each j, and r' = a±. We set r :=ao- Then 

(a,a ,ai,a ,a 1 ,r)Ge(e 00 ) = e 00 . 

Case 3. |(a)i| = 2. 

As < (a)2+< p ,g> >G A<^ we get, by induction assumption, (oq, , r' p ) with 

( < (a)2+<o, 9 > >,a ,ai,ag,a?,ro) G0°°, 

and (< (a)2+<(p) ( ,+i,g> > 5 «0j oij «0' °i> r p) e f° r eacn P — 1- As ^ n tne P ro °f °f Lemma 6.2 
we see that 0°° G IZf. By Z\} -selection, we may assume that the sequences (ag), (a?) and (r' ) are 
Z\J. In particular, there is a! i G Zl} with (a-) p = af. We set (r') p :=r' p , and 

ai:=/a((a)o, < <H, (r')i, (r')2, ••• >)• 
The induction assumption gives a ', a'/, r such that (< (a)2+<o,<?> >, (±o, a'o, o![ , r) G 0°°. We are 
done since (a, ao ^ a i 5^0)^1 ) r ) ^ ^ 

The next lemma is the crucial separation lemma announced in the presentation of r. 

Lemma 6.8 Let v := (a,ao,ai,a ,a 1 ,r) € 0°° with a G A\ normalized and ao,a\ G A\, £ in 
E^((oj w ) d ) with (pU,.) n £ = 0. TTiera r/iere are /3',y € w w swcfc (a,/3',7 / ) G T°° W Cy 
separates A\ n T,from Ao PI £. /« particular, A\ fl £ is separable from AqHT, by a A\(l r c ( Q )(ri) 

Proof. The last assertion comes from Lemma 6.7. (a). Let 77 be an ordinal with u G 0^. We argue by 
induction on 77. So assume that u G ©^©^ 

Case 1. |(a)i| = 0. 

We set /?' := 0°°, and choose YeA\nW with Cy = 0. We are done since = A 1 n £. 
Case 2. |(a)i| = l. 

As a is normalized, we get | (a)2+j \ = for each j. We set /3' := 10°°, and choose 7' G A\ n 
with Cy = (a/")* Then 7" G A\ n with C 7 » = is a witness for the fact that (a, /?', 7') G T°°. We 
are done since r = ao- 

Case 3. |(a)i| = 2. 

There are a' ,oi,r'Gzl J with ( < (a)2+<( P ) +i, g > >, «o, «i, (a' ) p , (ai) p , (r') p ) G <,? , for each 
p > 1, and, for each 7 G 2, Oj = / a ((a)o ; < ^i, ( r ')i, (f'h, ■■■ >)■ Moreover, there are Oq, a'/ G A\ 
with(< (a) 2 +<o,g> >, «o> «i> «0' a i' r ) € e<ry - 

By Lemma 6.7. (a), one of the goals is to build Cy G r c ( a )(ri). The proof of Lemma 6.7. (a) 

shows that r c(a) = S|( Q ) |(U P >i r c«(a)2+< M >>)> r c(<(a) a +<o,,>>))- This means that we want to 
find sequences (C p ) p >i, (S p ) p >\ and B such that Cy = U P >i (S P n Cj>) u ( B \\J P >i C p ). 
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- Let us construct B. 

The induction assumption gives /3"',y" G uj^ such that (< (a)2+<o, g > >,/3"',7 w ) G and 
Cy» separates ijHS from A n S. We set P := Cy». 

- Let us construct the C p 's. 



We set £ := | (a) 1 - Note that ^ = A n f] p>1 ~M(r') v ■ This implies that 

u-.= (Cy// n A) n s) u (-.Cy« n A x n s) c |J -.^w (r , )p r<£ . 

P >i 

As in the proof of Lemma 6.6 we see that the relation "8 ^ -iZ//( r /) p l(a)o1 " is P* in (p, a, r',5). By 
Z\{-selection there is a Z\{-recursive map / : (uj UJ ) d — > co such that f(8) > 1 for each 5g {oj^) d and 
<5 ^ -^ZZvm - ^ for each 8eU. 

In particular, for each 8 G P there is P € n 11° ^n) such that 5 € P Ci/^j Now P and 

-I4( r >) are disjoint 17* sets, and separable by a II^(ti) set. As a G Z\J we get 1 < | (a)o | < ^. 
As in the proof of Lemma 6.7.(a) we get T d and S. By Theorem 4.2.2 we get (/?, 7) G (Z\} xZ\}) n V<£ 

/ (?) ' 



with PCC 7 CW (r /) ,. 



By Lemma 4.2.3.(2).(a) the relation "(/?, 7) is in (Z\{xZl})nV <5 " is P/, so there is a /^-recursive 
map g: (w^f^wx (uj^ xuj 10 ) such that 

WgP go($) = f{$) and 5l (5) G x ^) n ^ and SeC {gi{S))i CW (r , )/(J)> 
by Z\{ -selection. In particular, the 17/ set g[P] is a subset of 

{ (p, (/?, 7)) £wx ((4} x z\i) n y <5 ) l c 7 cy^}, 

which is P* and countable. The separation theorem gives D G A\ between these two sets. As D is 
countable, there are Now we can define 

Cp : =U g& ;,Ar(g)=p ^(7), \ (U g '<g ^(7),/)- 

- We now study the properties of the C p 's. We can say that 
o The relation "8 G C p " is A\ in (p, 5). 
o The Cp's are pairwise disjoint. 

o C p G S°(n) since C ( y )g G 11° { (ti) C A°(n), by Theorem 4.2.2. 

o We set C := {(p, 8 ) G w x (a/") 4 * | 3g G w iV(g) = p and 5 G C ( yJ, so that C G A\ and 
C p G £? (r f ) for each p > 1. We have C p C C p . 

° Up>i Cp = U P >i Cp- 

o Cp separates P n / _1 ({p}) from -~M(r') p - in particular, U is a subset of the A\ set U p >i Cp- 
Moreover, f| p >i ^V)^ C -((J P >i AO- 
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- The induction assumption gives, for each p > 1, f3 p , <y p with (< (a)2+<( P ) +i, 9 > >j P p , 7 P ) G T°° 
and C 7 p separates n C p from PI Cp. As in the proof of Lemma 6.7. (b) we may assume that the 
sequences (f3 p ) and (7 P ) are A\. By /^-selection again there is a Z\J -recursive map h-.uj—tuj" xu u 
such that h(p) G (Z\J x n V£ and C hl(p) = ~^C P for each p > 1. We set ((/3'*) p ) 1 := h (p) and 

((7) P ) ! == /»i(p), so that ((«)„, ((/?'* ) p ) x , ((7%) j € Q for each p > 1. 

We set /3'(0) := 2, (/3'*) := /3 W , and ((/3'*)p) := /3 P if p > 1, so that /?' is completely defined. 
Similarly, we set (7)0 := 7'", and ((t") p ) := 7 P if p > 1. Finally, we choose 7' € Z\J n W with 
Cy = U P >i (C-yAC hl (p)) U (% )() n f] p ^ C hl(p) ), so that (a,/3',7') G T°° and Cy separates 
A 1 f]T, from ^flE. □ 

The next result is the actual (effective) content of Theorem 1.8.(1). It is also the version of 
Theorem 4.4. 1 for the non self-dual Wadge classes of Borel sets. Let j d ■ (d UJ ) d — > oj u be a continuous 
embedding (for example we can embed (d?) d into (<J°) d in the obvious way, and then use a bijection 
between (u u ) d and u"). 

Theorem 6.9 Let T d be a tree with A\ suitable levels, a in A\ normalized, (3, 7 in u u such that 
(a, f3, 7) G Tf, S --^{C^ ) n \T d ], and ao,«i 1 «oi&) rew ' J with v ■= (a, a ,ai,a o ,a 1 ,r)e 9°°. 
Then one of the following holds: 

(a) -U r = $. 

(b) The inequality ((U'f \T d ~]) ied , S, \T d ]\S) < ((uf) ied , Aq, A x ) holds. 

Now we can state the version of Theorem 4.2.2 for the non self-dual Wadge classes of Borel sets. 

Theorem 6.10 Let T d be a tree with A\ suitable levels, a in A\ normalized, f3, 7 in 00^ such that 
(a, f3, 7) G Tf, S := jj 1 (Clf ) n \T d \ and a , a\ , a , a x , r G lo u with v := (a, a ,ai,a ,a 1 ,r)e 9°°. 
We assume that S is not separable from \T d ~\\S by a pot(T c ^ ) set. Then the following are equivalent: 

(a) The set Aq is not separable from A\ by a pot(T c r a \) set. 

(b) The set Aq is not separable from A\ by a A\ n pot(T c i a \) set. 

(c) ^(3/3', 7' Ecu" such that (a, (3' , 7') G T°° and A x CCy C^4 ). 

(d) The set Aq is not separable from A\ by a r c ( a )(ri) set. 

(e) -Ur^t 

(f) The inequality ((eZ w ) i6d , S, \T d ]\S) < {{u w ) ied , Aq, A±) holds. 
Proof, (a) (b) and (a) =>■ (d) are clear since A u w is Polish. 

(b) => (c) This comes from Lemma 6.7. (a). 

(b) =4> (e), (c) =4> (e) and (d) => (e) This comes from Lemma 6.8. 

(e) (f) This comes from Theorem 6.9 (as II" \T d ~\ is compact, we just have to compose with con- 
tinuous retractions to get functions defined on d u ). 

(f) => (a) If P G pot(f c(q) ) separates A from A 1 and (f) holds, then S C (U ied fc)- 1 (P) C -.( \T d ]\p). 
This implies that S is separable from |~Idl\S by a pot(r c(a ) ) set, by Lemma 4.4.7. But this contradicts 
the assumption on S. □ 
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Proof of Theorem 1.8.(1). Note first that (a) and (b) cannot hold simultaneously, as in the proof of 
Theorem 6.10. 

We assume that (a) does not hold. This implies that the Xj's are not empty, since otherwise 
Aq = A\ = 0, and G F unless T = {0}. As in the proof of Theorem 4. 1 , we may assume that X; L = uj^ 
for each i G d, by Lemma 4.4.7. By Theorem 5.1.3 there isuGP with = T u {u u ). If E 

is a 0-dimensional Polish space, then we also have T(E) = T U (E), by Theorem 4.1.3 in [Lo-SR2]. 
It follows that pot(r) = pot(r u ). By Lemmas 6.2 and 6.4 we may assume that there is a € A°° 
normalized with c(a) = u. 

By Theorem 4.1.3 in [Lo-SR2] there is B G T^) with S = ^{B) n \T d \ To simplify the 
notation, we may assume that T d has A\ levels, a G A\, and Aq,A\ G Z'/((u;^) <i ). By Lemma 6.5 
there are /3,j £ Lxj w such that (a,P,j) G Tf 3 and = 5. Lemma 6.7. (b) gives a^a^r with 
(a, 00,01,00,0!, r)G0°°. Lemma 6.8 implies that -U r ^%. So (b) holds, by Theorem 6.10. □ 

The sequel is devoted to the proof of Theorem 6.9. We have to introduce a lot of objects before we 
can do it. We will create some paragraphs to describe these objects. We start with a general notion. 
The idea is that, given a set S in r c / Q )([iy|), and with the help of the tree T(a), we will keep in 
mind all the E° (or equivalently 11°, passing to complements) used to build S. We will represent 
these II - sets, on most sequences s of 1(a), by induction on \s\, applying the Debs-Saint Raymond 
theorem. At each induction step, we make closed some 11° sets of this level, but we also partially 
simplify the 11° sets to come. This is why the ordinal substraction is involved (recall the definition of 
ordinal substraction after Theorem 5.1.3). 

Definition 6.11 Let X be a set, AC\X, B a countable family of subsets of X, and V a Borel class. 
We say that A G T[B) ifAe T(X, r) for any topology r on X containing B. 

Proposition 6.12 Let X be a topological space. 

(a) Let A C X, B a countable family of open subsets of X, and Y a Borel class. Then A G T(X) if 
AeT(B). 

(b) Let Y be a set, BCY, f : X —>Y a bijection, B a countable family of subsets ofY, and T a Borel 
class. Then f~ 1 (B)eT({f' 1 (D) | D G B}) ifB G T(B). 

(c) Let 1 < 7] < £ and A G 11° (X). We assume that X is metrizable. Then there is B C 11° (X) 
countable such that A G n° + ^_^ (B), where B := {-<B \ B G B}. 

In practice, X will be the metrizable space [R] for some tree relation R, and / will be the canonical 
map given by the Debs-Saint Raymond theorem. 

Proof, (a) The topology r is simply the topology of X. 

(b) Let r be a topology on X containing {f~ 1 (D) \ D G B}. Then a := {f[A] \ A G r} is a 
topology on Y containing B. Thus B G T(Y, a) since B G r(£>). Therefore f~ l (B) G T(X, r) since 
/ : (X, t) — > (Y, a) is continuous. 
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(c) We argue by induction on £ — 77. The result is clear if £ — 77 = 0. So assume that £ — 77 > 1. Write 
A = f] neuJ ~^A n , where rj n < £ and G 11^ (X). As X is metrizable, we may assume that 77 < 7/ n . 
The induction assumption gives B n C countable such that G n° + ^ _^(-B n ). It remains 

toset£:=(J n6u , ^ ' "' □ 

(A) The witnesses 

Notation. We first define a map producing witnesses for the fact that t7g B°°. More specifically, we 
define a map 2U : 9°° -> 6°° U (e°°) w . Let v:= (a, a , ai, a , a l5 r) G e«\e <5 . If |(a)i| = 0, then 
we set W(v) :=v. If | (a)i \ = 1, then using the definition of 6 we set 

2B(tT):=(< (a) 2 +j >, a , ai, a , a l5 ai). 

Note that 2H(tj) g 9 <5 . If |(a)i | = 2, then we set 

( <(a)2+<o, g > >,a ,a 1 , (a' ) , (ai)o, (r')o) if P = 0, 

( <(a) 2 +<(p)o+i,g>>iao,ai,(o / )p,(a / 1 ) p , (r') p ) ifp>l. 
Here again, W(v)(p) G 9 <5 . 

• Similarly, we define a map 2B 1 witnessing that w G Tf. Moreover, we keep in mind 7'. More 
specifically, we define a map 2H 1 : -> U (w w x Tf) U (w w x (Tf)"). Let «/ := (a, /?, 7) 
in Yf \T^. If |(a)i| = 0, then we set 2B 1 (t?) := w. If |(a)i| = 1, then using the definition of Ti 
and some choice for 7', we set 22J 1 (z*;) := (7', (< (0)2+ j >,/?*, 7')). If |(a)i| = 2, then we set 
2H 1 (w) := (V, 2TT^ (w)) , where 

( < (a) 2 +<o, g > >, (/3*)o, (7')o) if P = 0, 

( < (a) 2+<(p)o+1;?> >, ((/3*) P ) Q , ((7')p) ) if P> L 

(B) The trees associated with the codes for the non self-dual Wadge classes of Borel sets 



W\(w)(p):-- 



• Recall the definition of T(a) after Lemma 6.2. Similarly, we define 1 : — > {trees on oj x TJ°} 
as follows. Let ?U := (a, /3,7)GTf\T< f . We set 



'{0}U{<(O»>}if |(a)i|=0, 
{0}u{(O,ii?)~s I 8€%(W\(w))} if |(a)i| = l, 
k {0} U U pe . { (p, ^ I s G T(2Ul (ti?) (p))}if |(a)i| = 2. 



Here again %{w) is always a countable well founded tree containing the sequence < (0,w) >. The 
set of maximal sequences in %{w) is M.$ := {s G T(tU) [ Vi G T(tZJ) sCf =>s = t}. 

• Fix 7? := (q, /3, 7) G Tf 3 with a G A\ normalized. In the sequel, it will be convenient to set, for 

sGT(tU)\A^, 



' w if s = 0, 



si(|s|):=«j 2Hl(5i(|s|-l)) ifs^0A|( Sl (| S |-l)(O)) 1 | = l, 

k 2Hl( S i(H-l))( S o(|s|-l)) ifs^0A|( S i(H-l)(O)) 1 | = 2. 
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• Let s G %{w). We set B s := {i < \s\ \ | (si(z)(0)) | = 2}. As a is normalized, B s is an integer. We 
always have B s < \s\. If moreover s^1(w)\M^, then we set B' s := {i < \ s\ \ | (si(i)(0)) 1 | = 2}. 



• The ordinals |(a)o|, for a G A\ n A°°, will be of particular importance in the sequel. We define a 
function Z :1(w)\M^^- (u>p ^-) <w satisfying |Z(s)| = The sequence Z(s) gives the ordinals 
£ of the 11° sets coded by s. We set := | (si(i)(0)) Q | if i< \s\. Note the following properties 
of Z(s), easy to check: 

- Z{s)(i) depends only on s\i. 

- Z(s)CZ(t) if sCt. 

- Z{s){i+\)>Z{s){i) orZ(s)(z+l) = 0if «<|a|. 

- Z(s)(i+1) = ii Z(s)(i) = and i<\s\. 

- (Z(s)(i)) ieB , is a non-decreasing sequence of non zero recursive ordinals. 
(C) The resolution families 

• Fix w := (a, (3, 7) G Tf° with aGzl} normalized, and p > 1. We set 



Note that P* G nf (a)o| (oj") if | (a)i | = 2, by Lemma 6.1. 

• Recall the finite sets q C <i rf defined at the end of the proof of Proposition 2.2 (we only used the fact 
that Td has finite levels to see that they are finite). We put c := \Ji eui q, so that c is countable. This 
will be the countable set c of Definition 4.3.1. 

• Recall the embedding jd defined before Theorem 6.9. We set V™ := h[j^ 1 (P^') n c w ], so that the 
union Vf U Vf = [C] if g > 1. Moreover, Pp 1 W G n° (s)(i) ([C]) if s G T(uJ) and i£B' s . 

• If TisatreeandsGT,thenT s :={iGT | sCt}. 

• Fix w := (a, (3, 7) G with a G zi^ normalized and | (a)i | = 2. We say that s G %(w) is extensible 
if there is i G such that \s\ < B t (which implies that s £ M^). We will construct, for each s 
extensible, a resolution family {R^) p <ri B - Simultaneously, we construct some ordinals £ s and 9 S . If 
9 is an ordinal, then we set 



(this is what appears in the Debs-Saint Raymond theorem). We will have r] s = 9*, £ s = Z(s)(\s\) and 





9 otherwise 




6 = Z( S )(O) = |(a) o |if S = 0, 

i+(6-&-)if^0- 
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We want the resolution family to satisfy the following conditions: 

- The family {Rs P ^)p<r) s is uniform if 6 S is a limit ordinal. 
-R^=C, a ndR^- ] = R^ if 5^0. 

- Il s : [i?^] — > [M "*] is a continuous bijection. 

- (n s | o n s|1 o ... o n,)- 1 ^ 1 ^) en^^']) if P > 1. 

- (n s | o n s l o ... o n,)- 1 ^ 1 ^) g n° +(2(t)a+1) _ 6) ([M r/s) D if P > 1, t e T(O s \Mz and 
|s|<j+ie^. 

• The construction is by induction on \s\. Assume that s = 0, p > 1, t G \ .M^ and j + 1 G 
Proposition 6.12.(c) gives C Ilg ([C]) countable such that Vp U+1) G n° +(z(t)(j . +1) _ e0) (^p' j ). 

This implies that u := | p > 1} U Up>i,teX(to)\A4aj+ieBJ ^ is countab l e and made of 

n^ ([C]) sets. Theorems 4.3.4 and 4.4.4 give a family {R^) P < m , uniform if 6$ is a limit ordinal, 
such that 

o(0)_ r 

- Il0 : [R^] — » [i?0°^] is a continuous bijection. 

- n 1 (Q)Gn°([ J R^ 0) ]) for each QGU0. 

This family is suitable, by Proposition 6.12. 

• Assume now that s ^ is extensible, and the construction is done for the strict predecessors of s. 
Note that (n a |„ o n 8)1 o ... o n,-) -1 ^ 1 ^) G ng a ([^-' _) ]). Assume that p> 1, t G T(u;) s \M^ 
and |s| <j + l eBj. Then Proposition 6.12.(c) gives a countable family Cp ,J cnjjj^f]) such that 
(n s | o n sjl o ... o n s -)- 1 0P* l(j+1) ) en; +(z(t)(j+1) _ w (^). This implies that 

:= {(n s|0 o n s|1 o ... o ivr 1 ^!*!)) | p> 1} U (J 

P >i,te%{w) s \M a ,\s\<j+ieB' t 

is countable and made of Ilg ([-R^- s ~ ^]) sets. Theorems 4.3.4 and 4.4.4 give a resolution family 
(Ri P ^) p < Vs , uniform if # s is a limit ordinal, such that 

. d(») = d(v,-) 

- n s : — ^ [-R^] is a continuous bijection. 

- Uj 1 {Q)eU° 1 {[R { J' s) ]) for each Qeu s . 

This family is suitable, by Proposition 6. 12. This completes the construction of the families. 
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(D) The subsets of T d 

We now build some subsets of T d that will play the role that D and T d \D played in the proof of 
Theorem 4.4.1. Fix w := (a,P,j) G with a G A\ normalized and |(a)i| = 2. We will define a 
family of subsets of T d as follows. Assume that s G 1(w) is extensible. We set, for q > 1, 

P (s):=tseT d | s = 0VVp>l ]B p G(n s | on s | 1 o...on s )- 1 (?; i(|s|) ) s£Bp}, 

p q (s):={seT d | ^iAV6 ? G(n s | on s | 1 o...on s )- 1 (P 5 sl(|s|) ) H^qA 

y P eu\{o, g } 36 p e(n s | on s | 1 o...on s )- 1 (p; i(|s|) ) ?gS p }. 

Note that the P g (s)'s are pairwise disjoint. The next lemma associates to each Fg T d a sequence s(t ) 
in T(w) saying in which P q (s)'s the sequence t is. 

Proposition 6.13 Let w:=(a, /3, 7) G Tf° with a G Z\{ normalized and | (a)i | = 2, arac? t G T^. 77ie« 
?/iere are / Go; aracf s(i ) of length I such that 

(a) t£f)i<i PsitmioM^)- 

(b) If s(t ) is extensible by t, then t^P t ^^(t\l). 

Proof. We actually construct, for j G uj, a sequence sj G %{w). We will have Sj C Sj+i, |sj| = j if 
J < /, Sj = si if j > I, and t G Di<|s | ^sj(i)(o) ( s jK)- At the end, s(i ) will be si. The definition of 
Sj is by induction on j. Assume that (sk)k<j are constructed satisfying these properties, which is the 
case for j = 0. We may assume that \sj \ =j. 

If Sj is not extensible or t B for each B G [Rs/ 3 ], then we set sj + i := Sj. If f G -B for some 
23 G ], then there is a unique integer q such that t G Pq(sj) since 

(n s .| o n a .|! o ... o n Sj )-\vi, sMj) ) u (n s ., o o ... o n s = [d"' 3 ' 



ifp^(7>l. We will have |sj + i|=j + l, and Sj + i(j)(0) :=q. Moreover, 

fuJifj' = 0, 



^ 1 ^ w -l2Dl(, J (j-l)(l))( S3 (j-l)(0)) ifj>l. 

This completes the construction of the s/s, and they are in %{w). The well-foundedness of 1(w) 
proves the existence of and s(t ) is suitable. □ 

Notation. Proposition 6.13 associates s(t ) G T(uf) to t G T^. Under the same conditions, we can 
associate S(t ) G to t. To do this, we need the following lemma: 

Lemma 6.14 Let w := (a, (3, 7) G with a G A\ normalized and \ {a)\ \ = 2, and s G %{w). Then 
there is S G M.^ extending s such that So(i) = Ofor \ s \ < i < \ S\. 
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Proof. If s = 0, then we set 5(0) := (0, w) and, if 2B 1 (Si (i)) ^ Si (i), then we set 

' (o,2nl(5(i))) iffflJl(5(i))GTf°, 

< 

^ (o,anl(5(i))(o)) iffflJi(5(i))€(Tf ) w . 



S(i+1):=< 



By induction, we see that S|(«+l) GT(u?) for each i< |S|, which proves that the length of S is finite 
since 1(w) is well-founded. Thus S € .M^. 

If s 7^ 0, then S(|s| — 1) is defined. We argue similarly. The only thing to change is that 

S(\s\):=(oM(s(\s\-l))(s (\s\-l))) 

if2ir 1 (si(|s|-l))/si(|s|-l) and2rri(s(|s|-l))G(T^) w . □ 

We now associate a maximal extension S(t ) of s(t ) to any t in T^. 

Remark. In particular, there is 5(0) G Ma with (S(0)) o (z) = for i < |S(0)|. Note that s(0) C 5(0). 
If / Fg Trf, then we define S(t) by induction on 

- If s(F) = 0, then i>0 since 0GP o (0), and S{t) :=S{t$). 

- If s(t ) ^ and r'^r G a<| s( f ), P. (f )(0(0) (-(Oli) , then 5(f ) := S(t ^ ). 

- If s(t )^0 and f ^y_~ £ rii<| a (f )| P s(f )(i)(o) (*(**) I*) • then is the extension of «(**) g iven b Y 
Lemma 6.14 applied to s:=s(t ). 

Note that S(t ) G .M^ and is always an extension of s(t ), by induction on \t\. This comes from 
the fact that s(t ) C s(i ) m the second case. 

(E) The tuples 

We now keep in mind the tuples (a, ao, a\, a ,a l5 r) along any sequence of 1(w), using the 
witness map 2B. Fix w := (a, (3, 7) G Yf\ w := (a, ao, ai, a , a 1; r) G B°° with ae4{ normalized 
and |(a)! I = 2. We will define a map V : %{w) ->• (e°°) <w such that |V(s)| = |s|, V(a)(i) depends 
only on s\i as follows. We set, for i < \s\, 

( vifi = 0, 

V(s)(i):=< %3(V(s)(i-l)) if i> 1 A | (V(s){i-1)(0)) J < 1, 

t SaT(V(s)(i-l))(»o(*-l)) ifi>lA|(F(s)(i-l)(0)) 1 |=2. 

Lemma 6.15 Let w := (a, /?, 7) G T^°, -C := (a, ao, ai,Oo>^i> r ) G @°° with a£ A\ normalized and 
|(a)i| = 2, sGl(w), andi<\s\. ThenV (s){i){Q) = s\(i){Q). In particular, s £ M^ and i <\s\ imply 

thatZ(s)(i) = \(V(s)(i)(0)) o \- 
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Proof. The last assertion clearly comes from the first one. The proof is by induction on i. The 
assertion is clear for i = since V~(s)(0)(0) = si(0)(0) = a. Assume that it holds for i< \s\ — 1. 

• If B s , then | (V(s) (i) (0)) ± \ = | (si (i) (0)) 1 1 = 1. Thus 

n s )(*+i)(o)=2ir(F( a )(^ 

• If i € B s , then | ( V(s) (i) (0)) 1 1 = | («i (i) (0)) 1 1 = 2. If moreover s (i) = 0, then 

V(*)(i+1)(0) =< (^( S )«(0)) 2+<0)9> >=< (si«(0)) 2+<0 9> >= ai (i+l)(0). 

The argument is similar if sq (i)> 1. □ 

The next lemma is a preparation for Lemma 6.21, which is the crucial step to prove a version of 
the claim in the proof of Theorem 4.4. 1 for the non self-dual Wadge classes of Borel sets. 

Lemma 6.16 Let w := (a, /?, 7) G Tf°, v := (a, ao, a±, a , a 1; r) G 0°° a€ Z\} normalized and 
|(a)i| = 2, sGT(u/), andi£B s . 

(a) If s (i) = 0, then -M V (s)(i)(5) Q ^V(s)(i+i)(5)- 

(b) We have ^U V (s)(i)(5) Q ^v(s)(i+i)(5) T(slt - 

Proof, (a) We have V(s)(i+1) = 2H(V r (s)(t)) (0), by Lemma 6.15. Thus 

F( S )(z + l)(5) = 2U(F( S )(0)(0)(5) = (r')o 
for some r' for which -Wy( s )(j)(5) C -U^ Q , by the 2nd and the 4th remarks after the definition of 6. 

(b) We may assume that sq{i) > 1, so that V(s)(i + 1)(5) = (r J ) S0 ({\, and 

7/ r i(^(s)(*)(o))oi 

^V( s )(j)( 5 ) C -Wy( s )( i+ i)( 5 ) 

by the 5th remark after the definition of 6 and the definition of f a . We are done by Lemma 6.15. □ 

(F) The sequences of integers 

We have to keep in mind the integers so(i) for s G %{w). We will consider an ordering of these 
finite sequences of integers that will help us to prove the claim just mentioned. 

Notation. Fix w := (a, ^,7) G Tf 3 , v := (a, ao, 01, a , a 1; r) G 6°° with ae4{ normalized and 
|(a)i| = 2, and s, s'eT(w). 

• If s and s' are not compatible, then we denote sAs':=s\i = s'\i, where i is minimal with s(i)^s'(i). 
Note that \sAs'\eB s . 

• We define O(s) Gw' s l: we set 0(s)(i) :=so(«)- 

• We also define a partial order on uj <uj as follows: 

OQC & = 0' V 3i<min(|0|,|0'|) (0\i = 0'\i A 0(i) = Q<C(i)). 
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Lemma 6.17 Let w := (a,/3,7) G TJ°, v := (a, ao, ai, r) G 0°° w/f/i a£4j normalized 
and \(a)i\ = % and s,s' G %{w) uncompatible. Assume that s £ C\i<\ S As'\ ^so(»)( s K)' * iS ?n 

Proof. As s(|s A s'|) / s'(|s A s'|) and «i(|s A s'|) = s[(\s A s'|), we get s (\s A s'|) / s' (l s A s '\)- 
Recall the definition of the P ? (s)'s. Note the following facts. Assume that i G B s and s i?^ s '^ £ 

- If so(i) = and tGPo(s|i), then s€lPq(s\i) too. 

-If s (i)>l and teP So(i) (s\i), then s€P (s|i) U P So{i) (s\i). 

These facts imply that s (\s A s'|) = 0<s' (|s A s'|). Therefore O(s) C O(s'). □ 

(G) The ranges 

The goal of this paragraph is to defiine the analytic sets r(S(t )) that will contain Up in the 
inductive construction of the proof of Theorem 6.9. They will play the role that Aq 5 n A\ and Aq 
played in the proof of Theorem 4.4.1, Conditions (4)-(5). 

Notation. Fix w := (a,/3,j) G TJ°, v := (a, ao, ai, a , a 1; r) G 0°° with a£4{ normalized and 
|(a)i[ = 2, andsGT(u;)\{0}. We set 

.„ f |a|-lifVj<|a| s (j)>l, 

\ min{i< \s\ \ so(i) = 0} otherwise, 

p . = f k| — 1 if s (|s| -1) > 1, 

| min{i <\s\ \\/j>i «o(i) = 0} otherwise. 

Note that i s <I S < B s . We associate, with each i s <i< \s\, a_o'\ a*' 1 , r s ' 1 G uj^ . The definition is by 
induction oni We set —^(^(s)^)^), o , oi), r s > iS :=r (V(s)(i s )(0), a , ai) =y(s)(i s )(5). 
Then 




af if a (»+l)>l, 

a £ (F(s)(z+l)(0),a^,a s /) ifs o (*+l) = 0, 



si+1 f r^if So (i+l)>l, 
r ' • 1 r(F( S )(z+l)(0),a^,a s /) if s o (*+l) = 0. 

The range of s is r(s) :=-iA r s,i" . 

Lemma 6.18 Le? u; := (a, /3, 7) G Yf°, -C := (a, ao, a±, a , a 1; r) G O 00 w/f/i a G zi} normalized and 
|(a)i| = 2, sGT(u;)\{0}, and i s <i<B s -l with s (i) = 0. Then r 3 '* = r s > i+1 . 
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Proof. We may assume that s (i+l) = 0. Assume first that i = i s . Then 

r s ' iS =r(V(s)(i s )(0),a , ai ) 

= r^(y( S )(i s ))(0)(0),a (y( S )(i s )(0),ao,ai),a 1 (y( S )(i s )(0),ao,ai 

= r(w{V(s)(in){s (n)(0),a (V(s)(i s )(0) 

= r(l/( S )(^ + l)(0),a (y( S )(^)(0),ao,a 1 ),a 1 (y( S )(i s )(0),ao,a 1 )) 
= r(V(s)(i* + l)(0),af,af) 

= J ,s,i 3 +l 

The argument is similar if i > i s . □ 

Lemma 6.19 Le? w := (a, (3, 7) G Yf°, -C := (a, ao, ai, a , a l5 r) G 0°° with a£ A\ normalized and 
|(a)i| = 2. Then there is 5(0)gMh with ^f]i<B $ P (S(Q)) (i) O^)!*) and ^U r <Zr{S{$)). 

Proof. We set s := 5(0) for short. We already saw that s G .M^, G f|j<B s ^s (i) ( S N)' and s o(i) = 
for each i < \ s | after Lemma 6. 14. Note that i s = I s = 0. We get 

-M r = -Mv(s)(o)(5) = -Mv(s)(i<>)(5) = ~'K^ iS = ^U r s,i° =r(s) . 
This finishes the proof. □ 

The role of the next objects is to determine if we go to the A side or the A\ side in the inductive 
construction of the proof of Theorem 6.9. 

Notation. Let w := (a,(3,j) G Tf with a G A\ normalized and |(a)i| = 2, and s G M$. We set 
e s :=0 if B s < \s\ — 1, e s := 1 otherwise, i.e., if B s = \s\ — 1. 

Lemma 6.20 Le? u; := (a, /?, 7) G Tf 3 , -C := (a, ao, 01,0.0,0.1, G 0°° with a£ A\ normalized and 
\(a)i\ = 2, anc? s G-M^. TTierc r(s) C ~M ass - 

Proof. Note first that -M s,i C -W ae , by induction on % and the 2nd remark after the definition of 0. 
This implies that -M r s,i s Q ~~Mr(V(s)(i s )(0),a ,ai) = ~~Wv(s)(/ s )(5)> by the 4th remark after the definition 
of 0. Thus r(s) = -M r s,i' C -Wy^j*)^). Lemma 6.16 implies that -Mv(s){i"){5) Q ~ n ^v(s)(B s )(5)- 
But V(s)(B a )(5) = o e „ by Lemma 6.15. □ 

Now we come to the crucial lemma for the claim mentioned earlier. 

Lemma 6.21 Let w := (a, (3, 7) G Tf°, v := (a, ao, ai, a , a 1; r) G 0°° with a G A\ normalized and 
I (a)i I = 2, s, s' G X(«;) wi/ft O(s) / O(a') and O(a) C O(s'). 77ie« r(s) Cr^')^ 11 ^' 1 - 

Proof. We can write 0(s) := O^no..^ 1 - 1 ^-^ 1 , with /, fcj G uj, and rij > 1. Similarly, we write 
O(s') := k 'ori ...0 k i'-in' l ,_ l k i' . The assumption implies that I' > 1, and the existence of j < I' with 
(ki,rii) = (k^n'i) if i < j and k!- < k-. Lemma 6.14 shows the existence of k" +l > 1 and s" G 
with O(s") = fe on ...0^-i^_ 1 0^n^0 fc ^i if j<l'-l. If j = l'-l, then we set s":=s'. 
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Note that O(s) + 0(s"), 0(s) C 0(s"), and 0(s") C O(s'). Mo reover Q(s") / O(s') and 
|s A s'| = \s A s"| < \s' A s"| if j < V — 1. It is enough to prove that r(s) Cr(s") rCa li sAs "l . This means 
that we may assume that (ki, n«) = (k' { , n-) if i < — 1 and k' l ,_ l < k l ,_ l . This implies that I s > 1, 
|s a s'\ = I s ' - 1, s\ (I s ' - 1) = a'| (I s ' - 1), s (/ s ' - 1) = < s' (I s ' - 1) and i s < I s ' - 1. 

Case 1. i s = I s and i s ' = I s ' . 

Note that r(s) = -U r s,i" = ^U r s^ = ~>Uv{s){i s ){5) =~^v(s')(i a )(^)- Lemma 6.16 implies that 



r(s) = -ZV( s 0(/ s )(5)C-^ (s , )(j3 ^ 
Case 2. i s = I s and i s ' < I s '. 

Note that i s = i s ' <I S ' — 1. Lemma 6.18 implies that r(s) = -U rS ,i« =~ , ^ f , s Thus 

r(s) = ^r(y( S )(/ S '-l)(0),a ( f S '- 2 ,a^ S '- 2 ) 

= ^r(y( S ')(^-l)(0),a ( f JS '- 2 ,«x' /S '- 2 ) 
= ^r(y(sO(^-l)(0),ag^ S, -\af-^- ;) 

~ r(V(s')(Is')(0)^;- IS -\a{'- IS - 1 ) 

= r(s') T5s||sAs ' 1 , 

by Lemma 6.16. 

Case 3. i s <I s <I s '. 

We argue as in Case 2. 

Case 4. i s < I s and I s ' < I s , which implies that I s ' < I s . 

The 5th remark after the definition of T gives e € 2 with r(s) = -U rS ,is C -W s ,/»-i. Thus 
r(s)C-W C...C-W 3/s /_ 1 . If I s ' > 2, then we get 

I sl_ 1 =^U , s',/ s '-2 s',I s '-2n 

o e ' q e (y(s / )(J 3 -l)(0),a ' ) 

r(V(«')(/ i ')(0),aS " /S -\a» - 1 ) 

= r(s') T " €s||sAs ' • 

Otherwise, we get 7 s ' = 1, z s = 0, z s ' = 7 s ' and 

^,o = -W ae( y (s0(0 )(oW 
This finishes the proof. □ 
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(H) The maximal sequences 

We now associate a maximal sequence to a couple (f3,w) with f3 G [~?V|. It is build in a way 
similar to that of the s(t )'s, but for infinite sequences instead of finite ones. 

• Let w := (a, G Tf with aeA\ normalized and |(a)i| = 2, and f3 G \T d ~\. We will define 
s0, w) G Mrf. Recall the definition of P™. We set, for s G .M^ and i G 5 S , 



n P >i^ s(i)(1) Mi)(o)=o, 



l ' b^;gSif^)(o)>i. 

We define s0, w) in such a way that jd0) € Hiee - E^ 13 '^. Let £ be an ordinal such that 
w G Yf \T^. The definition of s(/3, -u;) is by induction on £. 

Case 1. |(a)i| = 0. 

We set s0, w) :=< (0, w) >. 
Case 2. |(a)i| = l. 

We set s(/3, w) := (0, zZ?)^s(/3,2rr}(zZJ)). 
Case 3. |(a)i| = 2. 



We set s(/3, w) : 



(p, (/3, 2U} (uJ) (p)) if i,(/3) £ f* A p > 1. 



. We set (/3|j fc ) fc&J := (n^^ o ... o n,^^^) 1 {h0)). 

Recall the definition of e s before Lemma 6.20. 

Lemma 6.22 Let w := (a, f3, 7) G Tf 3 with a G Z\J normalized and | (a)i | = 2, and j3 G [T/|. 

(a) There is ko G u such that j3\j k G Hj<B - ^s(/3w)(!)(o)( s ^'^l') ^ ^ — ^ w caL?e > ^ e 
sequence s(f}\j k ) given by Proposition 6.13 is s((3, w)\B ,g ~y and is not extensible. 

(b) We have j d ((3) G if and only ife^^ = 0. 
Proof. We set s := s(/3, w) for simplicity. 

(a) To define ko, we will define, for i < B s , fcjew and we will set ko :=max{/cQ | i < B s }. To do this, 
we set 0\f k ) keu] := (U s \ o ... o U^i)- 1 (h0)) , so that 0\f k +1 ) k£u is a subsequence of 0\j k ) kew if 
i<B s -l. 
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By the choice of the Efs we get, for i < B s , 

f1 P >i ifso(*) = 0, 

^P Sl ^if s (0>l, 

sow u w — ' 

n p >! (n s | o ... o U s{i )-\v; i{i) ) if So (») = 0, 

.(n S | o...on S | ! )- 1 (p; o |)if 5 o(i)>i. 

Note the existence of in (II S | o ... o n^) -1 ^^) such that /3\j{ G if s (i) = 0, fc G u 
and p > 1. If s (i) > 1 and p G w\{0,s o (*)}, then (/9|jj[) fc6w G (n a , o ... o II^)" 1 ^ ) since 
^Wyp'iW = [c]. This implies the existence of B l p e (n s | o...on s | i )- 1 (7 ? p l(0 ) such that f3\f k eB p 

if fc G co. As (n s | o ... o n,,,)- 1 ^^) G n?([i?J; |l) ]), there is > 1 such that £ Bj o(i) if 
So(i) > 1> ^s (j) e (n s |o o ... o n s |j) _1 (^o(ij ) and ^ — ^o- This defines k l and Aft. It remains to check 
that /3\jk G -P s (i)(o)( s N) ^ * < Bs an d & > ^o- This comes from the fact that = j^ s_1 = for 
some iv~(/c) >k>ko>k l Q . The last assertion comes from the construction of s(t ). 



(b) We define, for i < \s\, e\ G 2. The definition is by induction on i. We first set := 1. Then e* +1 := 
if |s| — i — 2^ :=e* otherwise. Note that e s =e[ s ^~ 1 (e s is defined before Lemma 6.20). We 

have to see that jd(P) is in C^q)^) i s equivalent to ei*' -1 = 0. We prove the following stronger fact: 



-i 

's 

Y "l(0)(2) 

jd(/3) G C" 1 '(| s |_j_i)(2) i s equivalent to e* = if i < |s|. Here again we argue by induction on i The 
result is clear for i = since C^"(| s |_i)(2) = So assume that the result is true for i< \s\ — 1. 

If |s|-t-2 £ B a , then we are done since 4+ 1 = l-e\ and C^ w ( | 8 |_ i _ 2)(2) = -C^ |s| _._ 1)(2) . If 
|s|-z-2gS s , then e l s +1 =e* and 

C s W l( | s |_i_2)(2) = Up>l ( C (^i( sl (| s |-j-2))) p )o\ C ((2IJi( S i(| S |-i-2))) p )i) U 

( C (2ni( Sl (| s |-i-2)))o n Hp>l C (Vi(si(kH-2))) P )i)- 

If S0 (H-i-2) = 0,thenj d (^)en p >i ^ l(|sH " 2) = n p >i Cjjj^^,^. We can say 

that j d (/3) G C^ w ( | 8| _ i _ 2)(2) is equivalent to j d ($ G C ( c ^i (si( | s |_ i _ 2)))o = C£"(M-i-i)(2)' and we are 
done by induction assumption. We argue similarly when so(\s\ — i — 2) > 1. □ 

Remark. Recall the definition of an extensible sequence at the beginning of the construction of the 
resolution families. If s is not extensible, then s admits a unique extension M(s) in Ai^. In particular, 
in Lemma 6.22. (a), M[s{(3\jk)) = s(/3, w) = S(/3\jk). In Lemma 6.19, s(0) = s\B s is not extensible 
andM(s(0))=5(0). 

Notation. Recall the construction of the resolution families, and also the proof of Theorem 4.4.5, 
especially the definition of ij(t). If 6 S is a limit ordinal, then we consider some ordinals rj s (t )'s, as 

rj s if 9 S is a successor ordinal, 



in the proof of Theorem 4.4.5. We set p(s, s):- 



ij s (s) if 9 S is a limit ordinal. 
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The next lemma is the final preparation for the claim mentioned earlier. 

Lemma 6.23 Let w := (a, {3, 7) € TJ° with a € A\ normalized and \ {a)i \ = % s € T(ttJ), arac? z < -B s . 
77iera (Sj/<j p(s|i',tm)) + l<^|j. 

Proof. We argue by induction on i Note first that p(s|0,tm) + l<6> s | = £ s | . Then, inductively, 

(Sj/< i+ i p(s|i', im)) + 1 < (Si'<j p(s|i', im)) +0 s |(i+i) 

< (Sj/<j p(s\i',tm))+l + (£ a \( i+1 )-Z 3 \d 

<€s\(i+i) 

This finishes the proof. □ 

Proof of Theorem 6.9. Let £ be an ordinal with w := (a, /?, 7) G T^. We argue by induction on £. So 
assume thatwGTf\Tf 5 . 

Case 1. I (a) 1 1 = 0. 

Lemma 6.5 implies that € r c ( Q ) = ro°° = {0}, so that 5 = 0. We also have r = a\. Assume 
that (a) does not hold. Then A\ 7^0, so it contains some a. We just have to set fi(Pi) :=a.i. 

Case 2. |(a)i| = l. 

As w € Tf we get few 10 with (< (a) 2 +j >,P*,1) € Tf 5 and C^" = ->Cjf (see the definition 
of Ti). As a is normalized, Cy" = 0, so that 5 = [T^] . We also have r = ao- Assume that (a) does 
not hold. Then Aq / 0, and we argue as in Case l. 

Case 3. |(a)i| = 2. 

Assume that (a) does not hold. As for Theorems 4.4. 1 and 4.4.5 we construct {cv l s )i(zd,s<=n'.'T d > 
(Ol)i<\s\,ied,sen."T d > {Ug)seT d - We want these objects to satisfy the following conditions. 

(1) aieOi cfi^ a {ai.) ied eU g cn { ^ )d , 

(2) 0\ q QO\, 

(3) diam dwW (0^)< 2-1^1 A diam w (^)< 2-1^1, 



(4)teT d U r Qr(S(t)), 

(i')( s IO \ 



(5) [ l<P<p(s\i,s) 



sR (p) t 



J 
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• Let us prove that this construction is sufficient to get the theorem. 

- Fix j3e \T d ]. Lemma 6.22 gives k G u such that j3\j k G f)i<B s 0iS P s (0,aj)({)(p)( s (^^\ i ) for 
each k > k . Proposition 6.13 gives I and s0\j k ) G %(w) with j3\j k G f] i<t P g 0\ jk){im {s0\j k )\i), 
and Lemma 6.22. (a) implies that s((3\j k ) = s(/3,w)\B s 0~y This implies that {U^.^) k > ko is non- 
increasing since j3\j k R^/^^uL a(l3 ' w) ^ /Sh'^+i for each integer k, by Condition (6). As in the 
proof of Theorem 4.4.1 we define F(fi) and /j continuous with .F(/3) = (Iljgd fi)((3). The inclusions 

and \T d ]\SC(U ied hold, by Lemmas 6.20 and 6.22, since r(s(P,w)) Q^^. 

• So let us prove that the construction is possible. 

- As -U r is nonempty and we can choose (a l ^)i ed G -U r n JI( wW )d. Then we choose a H\ subset 
C/^ of with d^y -diameter at most 1, such that (a l ^)i ed £ C -i£/ r fl O^u^d. We choose 
a ITj 1 subset of with -diameter at most 1, with a^^O^C VL W ^, which is possible since 
^(u^)d Assume that (a£)| s |<j, (Og)| s |<j and (E/^)| So |<j satisfying conditions (l)-(6) have been 
constructed, which is the case for I = by Lemma 6. 19. 

- Let tmeT rf n (d m ) d . We define X; := Of . if i < I, and w w if i > I. 

Claim. Assume that s G %{w), i < B s , tm 1 ^ ,tm G Di'<i ^so(i')( s l*')' aw< ^ *o < * w minimal with 
Vs\i > 1- 
(a) 77ie sef 

is Ti-dense in n D (U ied Xj). 

s|i 

(7?) Assume moreover that s' G T(w), s a«<i s' are uncompatible, i := \s A s'|, tm G -Ps^(i) aw< ^ 
tm^ |l GP S0 (j)(s|i). 77j<?« 

r(5(^)) n p| p| f^7 T( "" <! ' P(s|! "' ^ ))+P n ( n *^ *0 

»'<» l<p<p(s\i' ,tm) 

is Ti-dense in n n (U ied Xj). 

s|i 

(a) Assume first that i = 0. Note that trn^ +1 R$ P+1 ^ R^ tm if 1 < p < p(0, tm), by Lemma 
4.3.2. As in the proof of Claim 2 in Theorem 4.4.5, this implies that Ur+ P C U r > P +i Tp+L . By assump- 

tion, tmJ|J*,tm€rii'<i P so(i')( s IO- 
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Note that tm p s ^ il+1 ^ € P SQ (i")(s\i") if i" <i' <i and p < i] s ^ il+1 y Indeed, this comes from the 

^s\i" '"^ ^ S * n tne P ro °f °f Claim 2 in Theorem 4.4.5 again, 

"( s i»<i'+i P(.H".tSt))+H-i if p < + Note that 



fact that im f i2 ,f 



this implies that U. 



tmr 



tm 



I(<'+1) 



|(j'+l) - tm s\i' ~ tm [ 



p+1 

s|(«'+l) 

This implies the result. We argue similarly if zq > 0. 



(b) By (a) and Lemma 6.22, it is enough to see that U := U. 



r 7 * 



p(s|i,tm) 
,|i 



Cr(S(tm)) . The induction 



assumption implies that J7 Cr(5(tm^ ! )). So let us prove that r[S(tm 1 jj 1 )) Qr(S(tm)) ?s| \ Note 

that + C s(trn^) C S^tm^fJ 1 ) and, similarly, s'|(i + l) C S(tm). Lemma 6.17 implies that 

0(S(tmJ 1 )) C 0(S(tm)), and the beginning of its proof that 0(S(tmJj')) / 0(S(tm)). Now 
Lemma 6.21 implies the result. o 

- Let X :=d l+1 . The map * : ^ d -> 27^ is defined on T m by 

r{S(ub)) n ni< p < p(0) ^) ^ P n (u ted x t ) n n (w „)< if *(tm)=0, 



*(im) := < 



p(s(tm) ,tm) 
s(tm)~ 



n(1 



l<p<p(s(Sn) ,tm) ^tm p 



p{s\i' ,tm))+p 



j'<|s(tm) 



-i n 



s(tm) 

l<p<p(s|i',tm) ^tm p , 



(E i'<|s(tm)|-l 



if s(tm)^0 Aim GfWi ri^i P rt/,«nisWI«1 

V /' s(tm)- 1 't'<|s(tm)| s(tm)(i')(0) V V >\ ) 



A3i <\s(tm)\ r] s ^ )lio >l, 



r(S(im)) 



s(tm) | %' 



V /' s(im)- ^' V<|s(tm)| s(tm)(i')(0) V V / 

Ai<\s(tm)\ is maximal with tmjg^ € fV<i p a (t^) (i ')(o) (*(*"*)!*') 



A 3io <i r/ ( 



(tm) |?o 



>1, 



U r n (U ied Xl ) if s(tm)^$ A g>; Gn,<| s(t -)| n ( ^)(.)(0) 



A Vio < |s(tm)| 77 1 



(tm)\i ' 



r(S(tm)) fl (U ied Xi) nO^d if s(tm)^0 

- : — ^s(fm)- 



A 



s(tm) 



j'<|s(tm)| ^ > s(tm)(i')(0) 1 ' 



(tm)li') 

A i < |s(tm) | is maximal with tmjg^' € f\<i p s (t£)(iO(o) (*(tm) 



By the claim, ty(tm) is n -dense in Ur*i 



s(tm) \iq 



ri n (fljgrf Xj) in the 2nd and in the 3rd cases. 
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In these cases, as tro 1 cfcim and R^ 1 )-*.. is distinguished in R^°)->.. =C, 

s(tm)\io s(tm)\io s(tm)\io 

tmU,, R {1 L„ t 

s(tm) | io s(tm) |iq 



and L^-C n , by induction assumption. Therefore 

s(tm)|iQ 



s(tm) \ig 

Using similar arguments, one can prove that this also holds in the last two cases. 

Let us look at the first case. If 770 > 1, then using arguing as in the claim one can prove that 

^gP.iSt) n ni< p < p (0,52) U^f" n ( n ied X i) is n -dense in U^ 1 n (II ied X,). Now we can write 

[/_ ^(0^) C r (S(tml® )) = r (£(im)) and we can repeat the previous argument since io = 0. If 770 = 0, 

then we get te^f = £ and n ( n ^ ^) ^ r (^(^)) n ( n *ed -X») = r(S(tm)) n (n i6d X;) and we 
are done. 

Now we can write (aj )j 6< j G C/^n (IIj 6< 2 Xj) C \l/(im), and we conclude as in the proof of 
Theorem 4.4.1. □ 

The rest of this section is devoted to the proof of Theorem 1.8.(2) when A(T) is a Wadge class. 
Recall Theorem 5.2.8. We will say that a G A\ n A°° is suitable if A(r c(Q )) is a Wadge class and 
one of the following holds: 

(1) There is a G A\ fl A°° normalized with 

r c(Q) = { (A n Co) u (Ai n d) | A , ^ e r c(a) a c , d e s? a c n d = 0} . 

(2) There is a' G zij such that (c/)p G A°° is normalized for each p > 1, (r c (( Q ,') p )) p>1 is strictly 
increasing, and r c(a) = { U p >i (A? n Cp) I A v G r c((a') P ) A C p G S? A C p n C g = if g}. 

Assume that a is suitable and ao,a\ G zi} satisfy Aq n Ai = 0. Then Lemma 6.7. (b) gives 
r(a, ao,ai) and r(a,ai,ao), or r((a') p , ao, ai). We set ao,ai) := _, ^r(a,a ,ai) i n tne same 
fashion as before, and 



R'(a, ao, ai) := < 



_R(a, ao,ai) fl ai, ao) if we are in Case (1), 



D p >i ^((«')p> °0) °i) if we are in Case (2). 
We now give the self-dual version of Lemma 6.8. 

Lemma 6.24 Let a suitable, and ao, a\ G A\ such that AoHAi = 0. We assume that R'(a, ao, a±) = 0. 
Then Aq is separable from A\ by a A\n A(r c ( Q ,))(ri) set. 
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Proof. (1) As R(a, oq, a\) n R(a, a\, ao) = 0> there is C € A°(ri) separating 7?(a, a , ai) from 
R(a, a±,ao). As i?(a, ao,ai) and R(a,a±,ao) are Z^ 1 , we may assume that C G zl}, by Theorem 
4.2.2. A double application of Lemmas 6.7. (b) and 6.8 gives some sets Bq,B\ G A\ n r c( - S )(ri) 
such that So (resp., .Bi) separates Ao n C (resp., A±\C) from n C (resp., Aq\C). Now the set 
(B n C) U n -iC) is suitable. 

(2) The proof is similar, but we have to make some A\ -selection. As G°° is 77/ and r((a') p , ao, ai) 

is zi} and completely determined by (a') p , ao and a\, the sequence ( r((a') p , ao, ai) ) is A\. As 

V / p>i 

Dp>i -R(( a ')p) a Cb a i) = 0, there is a Zl} -recursive map / : (uj w ) d — > uj such that f(a) > 1 and 
d<£R((a') /(a), ao, ai) 1 for each a£ 

We set := f~ 1 ({p}), so that C/ p and R{[a') p , ao, ai) are disjoint sets and separable by a 
ri-open set. By Theorem 4.2.2, there is VpG zA}n£5(ri) separating them. Moreover, we may assume 
that the sequence (V p ) is A\. We reduce the sequence (V p ) into a ZlJ-sequence (C p ) of A\ n ^i(ti) 
sets. Note that (C p ) is a partition of (cj w ) d into A°(ri) sets. As i?((a') p , ao, a±j n C p = 0, Lemma 
6.8 gives /?', 7' G w w such that (fi ) p , (V ) p ) G T°° and C( 7 / )p separates Ai n C p from A n C p 

for each p > 1. Moreover, we may assume that Y G ^J. Now the set \J p>1 ( -1 C(7') P n Cp) i s 
suitable. □ 

We now give the self-dual version of Theorem 6.9. 

Theorem 6.25 Le? 7^ be a tree with A\ suitable levels, a suitable, f3 £ , j £ G w w (a, /3 e , 7 e ) G TJ°, 
5 e := j^" 1 (C 7 J ") n |~7V|, and ao, ai, ag,^, r G w w smc/j f/iaf := (a, ao, ai, ao,a l5 r) G 0°°. We 
assume that S° and S 1 are disjoint. Then one of the following holds: 

(a) R'(a,a ,ai) = ®. 

(b) The inequality ((U'f \T d ~]) ied , S°, S 1 ) < {(u") ied , A , A x ) holds. 

Now we can state the version of Theorem 4.2.2 for the self-dual Wadge classes of Borel sets. 

Theorem 6.26 Let T d be a tree with A\ suitable levels, a suitable, f3 £ ,j £ <E uj w with (a, j3 £ , r y £ ) G Tf°, 
S £ := j^ 1 (C 7 J ( T) n \T d \ and oq, aii^a^r G uj w such that v := (a, (10,0,1,0$, a,!, r) G O 00 . We 
assume that S°, S 1 are disjoint and not separable by a pot( y A(F c ^)^ set. Then the following are 
equivalent: 

(a) The set Ao is not separable from A\ by a /?o?(A(T c ( Q ))) set. 

(b) The set A is not separable from A\ by a A\ n pot(A(T c r a \)^ set. 

(c) The set Ao is not separable from A\ by a A(r c / a ))(ri) set. 

(d) #(0,00,01)^0. 

(e) The inequality ((d w ) ied , S° , S 1 ) < ((w w ) iGd , A , A x ) holds. 

Proof. We argue as in the proof of Theorem 6.10, using Lemma 6.24 (resp., Theorem 6.25) instead 
of Lemma 6.8 (resp., Theorem 6.9). □ 

Proof of Theorem 1.8.(2). We argue as in the proof of Theorem 1.8.(1). Theorem 5.2.8 gives u or 
((u')p) >r The equalities in Theorem 5.2.8 hold in uj w , but also in any O-dimensional Polish space 
(we argue like in Lemma 5.2.2 to see it). Using Definition 5.1.2, we can build ueV with T = T u . 
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Using Lemmas 6.2 and 6.4, we get a G A°° normalized with r c(Q ) = T u , and a G A°° (or a' <G A°° 
such that (a') p is) normalized with r^=r c(s) (or T (u , )p =T c{{a , )p) ). 

By Theorem 4.1.3 in [Lo-SR2] there is B £ G T{oj u ) with S" £ = j~ l (B £ ) n [T d ]. To simplify the 
notation, we may assume that T d has Z\} levels, a, as well as a (or a'), are Z\}, and Aq, A\ are Z^ 1 . 
By Lemma 6.5 there are f3 £ , j £ £w u such that (a, (3 £ , 7 e ) G Tf 3 and C^i = -B e . Lemma 6.7. (b) gives 
£o>^i> r w i tn ( a ) a 0) a i)Oi05Oi) r ) e Lemma 6.24 implies that R'(a,ao,ai) / 0. So (b) holds, 
by Theorem 6.26. □ 

Proof of Theorem 6.25. (1) Let C £ £ , G ^(\T d ]), A £ G r c(s) ([r d ]), Af G f c( a)(r^l) such that 
S £ = {A £ nC £ _)U(A £ 1 nC £ ). We reduce the family (Cg, C?, Cg, Cj) into a family (Og, 0°, 0*, Oj) of 
open subsets of \T d ~\. Note that S E CT E := (4§nOg)U(Af nOf )U(^4j- £ nO^ £ )U(^4^ £ nO{- £ ). 
We will in fact ensure that ((IT? [T d ] ) ied , T°, T 1 ) < ((w w ) i6d , A , Al) if (a) does not hold, which 
will be enough. 

Subcase 1. |(a)o| =0. 

We set o £ £l --hWTdWOl,}, so that o £ £ , GlI?([C]). We also set 

D := {s G T d | s = V V(e, e') G 2 2 3SGo £ , sG#}, 

£)|,:={sGT d | s/0 AV#Go £ , s££ A V(e", £ W ) G 2 2 \{(e, e')} 3/iGo £ ", s*g£}, 

so that (D, Dq, -0°, Dq, Z)j) is a partition of T^. The proof is very similar to the proof of Theorem 
4.4.2 when £ = 1. The changes to make in the conditions (l)-(7) are as follows: 

(4) UgQR'(a,a ,a 1 ) = A) Tl n ~A^ 1 if seD, 

(5) UgCA if seD?UDj, 

(6) C/yCAi if sG£>§U£>{, 

(7) (s, te DV s, te D £ £l ) U r C Ug. 
We conclude as in the proof of Theorem 4.4.2. 

Subcase 2. |(a)o| > 1. 

We will have the same scheme of construction as in the proof of Theorem 6.9. As long as t G D, 
we will have U^C R'(a, do, a\). If t G -D|/, then all the extensions of t will stay in D £ ,, and we will 
copy the construction of the proof of Theorem 6.9, since inside the clopen set defined by t we want 
to reduce a pair (5°, S 1 ) to (Aq,A{). 

As A% G r c(5) ([T d l), there is G r c(5) (w w ) with A§ = j" 1 {B £ ) n [Td]. As a G Z\J fl A°°, 
Lemma 6.5.(b) gives /3§,7§ G w u such that (a,/3§,7§) G Tf° and C^T = Eg. Similarly, there are 
p{ , 7 f G w w such that (a, (3f , 7 f ) G Tf and Af = j" 1 (-C^ ) D ^1 . 
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We can associate with any (e, e') € 2 2 the objects met before, among which the function Z £ > 6 ' , the 
ordinals rf s ,£ , the resolution families {R^fl, J , e ,e' , the ordinals p(e, e', s, s). Instead of considering 

the set P q (s), we will consider P|' e (s) n If Fg then we set w(t) :=w £ £ ,. This allows us to 
define s(t ) e%(w(t )) and 5(f ) We also set 



(a,a , ai^a^r) if teD$ U D{, 
k (a,ai,a ,a ,ai,r) if feD? U 



The other modifications to make in the conditions (l)-(6) are as follows. In condition (4), we ask for 
the inclusion U^C R(S(t)) only if t£ D. If t£ D, then we want that UpC. R'(a, oo, ai). Condition 
(6) was described when s,t€. D £ ,. If s,t€ D, then we also want that U^C. Ug. 

The sequence T0)is defined if /3 G Cq U Cj U Cq 1 U Cj . If /3 £ C% U C? U U , then \ k € D for 
each integer /c, and is also defined. The definition of v(t ) ensures that T £ C (IL^ /j) _1 ( J 4 e ). 

The defintion of Vl/(im) is done if tm D. Iftm^D, then we simply set 

V(im):=U r n(U ied Xi). 

Then we conclude as in the proof of Theorem 6.9. 

(2) Let C £ £ S?([T ( il) and A p e T c{(al)p) (\T d ]) such that 5 £ = U p >i (A £ p D C £ ). We reduce the 
family (C?, C§, , C 2 \ ...) into a family (O?, 0§, 0\,0\, ...) of open subsets of \T d ~\. Note 
that S £ C T £ := (Af D Of) U U p >i ((^ P ~ e n 0^) U (A £ +1 n £ +1 )) . We will in fact ensure that 
((nj'fTdDigd.T ,^) < ((^)~ e( i,^o,-4i) if (a) does not hold, which will be enough. 

The proof is similar. We can assume that | ((cOp)ol — 1 f° r eac h P — 1> since (r c ((a') p ))p>i is 
strictly increasing. So there is no Subcase 1. We set 



(0,00,01,00,0!^) if re|Jp>i 
(a, a^acao.a^r) if fe|Jp>i -Cp- 



We conclude as in Case 1 . □ 



7 Injectivity complements 

In the introduction, we saw that G. Debs proved that we can have the /j's one-to-one in Theorem 
1.3 when d= 2, V e {n°, £°} and f > 3. 

• This cannot be extended to higher dimensions, even if we replace (d u; ) d with Ui ed Z\, where Zi is 
a sequence of Polish spaces. 
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Indeed, we argue by contradiction. Recall the proof of Theorem 3.1. We saw that there is C% in 
£0(2^11° such that S| := {a £ \T 3 ] j S(a Aai) € CJ is not separable from fr 3 "|\S| by a pot(II°) 
set We set 

B°:={tf€3 w x3 w xl \ S(a A ai )eC c }, 
B 1 :={a£3 w xlx3 w | 5(a Aa 2 )eQ}, 
B 2 :={a£lx3 w x3^ \ S(a 1 Aa 2 )eC^}. 

Let : 3 W -)■ 1. As S| := (Id 3 - xld 3 - xO)- 1 ^ ) n [T 3 ] , £° £pot(II°). Similarly, B x ,B 2 £pot(II°). 
This implies that the Zj's have cardinality at most one, and So €E A§. Thus So is separable from §i by 
apot(II°) set, which is absurd. 

• If d= co, r = 11° and £ > 3, then we cannot ensure that at least two of the fi 's are one-to-one. Indeed, 
we again argue by contradiction. Consider :=uj, and € S°(a; a; )\n^. Then 5^ is not pot(II^) 
since the topology on to is discrete. This implies that two of the ZiS at least are countable, say Zq, Z\ 
for example. Consider now Aq := S^ and A\ := |"T W ] \S^. Then (fi o IL;)[So] is countable for each 
i G 2. Thus P := (IL; 6 d /i)[§o] C §^ C |~T W ] is countable since an element of |~T W ] is completely 
determined by two of its coordinates. Thus Pepo^S!]) ^pot(II°). Therefore (IL; e d /j) _1 (P) is a 
pot(II°) set separating So from Si, which is absurd. 

• However, if V € {n°, A°} and £ > 3, then we can ensure that (IL^ /i)|§ u§i * s one-to-one, 
using G. Debs's proof and some additional arguments. This is also true if V = T u is a non self-dual 
Wadge class of Borel sets with u(0) > 3. This leads to the following notation. Let (Zi) ied , (Xi) ied 
be sequences of Polish spaces, and So, Si (resp., Aq, A\) disjoint analytic subsets of lii^d Zi (resp., 
Ii i£d Xi). Then 

((Zi) ied ,So,Si) C ((Xj) i6d ,^ ,^i) Vied 3/j:Zj^Xi continuous such that 

(n i6(i fi)\s uSi is one-to-one and VeG2 5 e C (U ied /j) -1 ^). 

Theorem 7.1 77iere is no tuple ((Zi)i &2 , So, Si), where the Zi 's are Polish spaces and So, Si disjoint 
analytic subsets ofHi e2 Zi, such that for any tuple ((JQ)j g 2, Bo, B±j of the same type exactly one of 
the following holds: 

(a) The set Bo is separable from B\ by a pot(Yl ( [) set. 

(b) The inequality {(Zi) ie2 , S , Si) C ((Xi) ie2 , B , Bi) holds. 

One can prove this result using the Borel digraph Bo := [j neu Gr(^ n i 2 w\ M ) considered in [L5] 
(see Section 3), which has countable vertical sections but is not locally countable. We give here 
another proof which moreover shows that we cannot hope for a positive result, even if Bq is locally 
countable. This has to be noticed, since the locally countable sets have been considered a lot in the 
last decades. 

Lemma 7.2 Let T be a Borel class, and ((Zi)i e2 , So, Si) as in the statement of Theorem 5.1 such 
that So is not separable from Si by a pot(T) set. Then So (~l (JIqSi x n'/Si) is not separable from Si 
by a pot{Y) set. Moreover, Sq is not separable from Si n (n o 'So x n'/So) by a pot(T) set. 
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Proof. We prove the first assertion by contradiction, which gives P G pot(r). The first reflection 
theorem gives Borel sets Co, C\ such that II" Si C d and So PI (Co x C\) CP. Now 

S C P U (-.C x Zi) U (Z x -1C1) C -.Si, 

which contradicts the fact that So is not separable from Si by a pot(r) set. 

We prove the second assertion using the first one, passing to complements. □ 

Lemma 7.3 Let ((Zj)j e2; Sq, S±) and ((Xi) ie 2, B , Pi) be as in the statement of Theorem 5.1 such 
that ((Zj)j e 2) So, Si) C ((Xj)j g 2) ^0) B\j, (/i)j<=2 witnesses for this inequality, and £q G 2 swc/j ?/ia? 
P eo i'j BoreZ locally countable. Then fi\u'.'S eo ?J countable-to-one for each i G 2 araci S £0 is locally 
countable. 

Proof. The inequality ((Zj)j G 2, So, Si) C (pQ)j 6 2, -Bo 5 -Bi) gives /j : Z\ -^X; L continuous such that 
(n ie2 /i)|5 oU 5i is one-to-one, and also S £ C (n i62 /i) -1 (.B e ) for each eG2. 

• By the Lusin-Novikov theorem and Lemma 2.4. (a) in [L2] we can find Borel one-to-one partial 
functions b n with Borel domain such that B £a = [j neu] Gr(b n ). Let us prove that 

fi\ni[s S0 n(u ie2 / i )- 1 (Gr(6„))] 

is one-to-one for each i G 2. 

Assume for example that z = 0. Let z^z'^Hq [S £0 n (IL e 2 (Gr(6 n ))] > and jy, y' G Zi such 

that (z, y), (z', y') G S £o n (n ie2 /i)" 1 (Gr(fe n )) . As {z, y) + \z' , y'\ we get 

{fo(z),h(y))^{fo(z'),h(y')). 

But b n (f (z)) = fi(y), b n (f (z')) = /i(y'), so that f (z) ^ / (V) since 6 n is a partial function. 
If i = 1, then we use the fact that 6 ra is one-to-one to see that /i| n [ S n (n e2 / -) _1 (Gr(6 ))] * s a ^ so 
one-to-one. 

• This proves that fi\n'/s £0 is countable-to-one since S £Q = {J neuJ S £o n (n i62 /i) _1 (Gr(& n )). 

• Now S £o is locally countable since S £o C (IL; 6 2 /i|n'.'S So ) _1 (-^eo)' ^eo * s locally countable and 
/« |n" s £Q i s countable-to-one for each i G 2. □ 

Lemma 7.4 Le? Y be a Polish space, C a Borel subset of Y and (m n ) neul a sequence of Borel 
partial functions from a Borel subset of C into C. We assume that M := Uneu Gr(m n ) is disjoint 
from A(C), but not separable from A(C) by a potiTl®) set. Then there are integers n<p and y^C 
such that m n {y) and m n (m p (y)) are defined. 

Proof. We may assume that Y is recursively presented and C, M and the m ra 's are A\. We put 
V := [J{D G A\{Y) \ D 2 DM has finite vertical sections}. 

Then VeTll(Y). 
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Case l.V = Y. 



We can find a sequence (D n )nGui 

of A\ subsets of Y such that Y = \J neu) D n and D 2 n n M has 
finite vertical sections. By Theorem 3.6 in [Lo2], D 2 n n M is pot(II$), so that D 2 \M is pot(S?). 
Thus A(C) C U new D 2 \M C -iM and A(C) is separable from M by a pot(£?) set, which is absurd. 

Case 2.V + Y. 

The first reflection theorem proves that for each nonempty S\ subset S of Y contained in y \ V 
there is y € S such that (S 2 n M) y is infinite. So there is an integer n such that (1" \"l/) 2 n Gr(m ra ) 7^ 0. 
In particular, S := \ V) n m~ 1 (Y\V) is a nonempty 17^ subset of Y, which gives y£S such that 
(S 12 n M) y is infinite. This proves the existence of p > n such that (y, m p (y)) G S" 2 . Note that y € (7 
since F\C C V. Now it is clear that n, p and y are suitable. □ 

Lemma 7.5 Let i^2,Y; L a Polish space, Si a Borel subset ofY; L , c:So^S\a Borel isomorphism, n£oj, 
c n a Borel one-to-one partial function from Yq into Y\ with Borel domain, and Co := \J n€ul G r (°n)- 
We assume that Co PI (So x Si) is disjoint from Gr(c), but not separable from Gr(c) by a pot(Jl\) set. 
Then there are integers n < p and yo € Yq such that (cc~ 1 c p )(yo) and (cc~ 1 c)(yo) are defined and 
different. 

Proof. We set c' n := Cn|5 n c _1 ((Ji)' so tnat ^° n ^° x ^ = Unew ^ r ( c n)- Now we consider the 
pre-images 

A(5 1 ) = (c- 1 xId 5l )- 1 (Gr(c)) 

and Gr(c") = (c _1 x Id^ ) _1 (Gr(c'J) , where c" a :=c' n o cj~* n _i ^ . Note that is a Borel one-to- 
one partial function with Borel domain and that C ' :=Unew Gr(c") * s not separable from A(#i) by 
apot(n5) set. This implies that \J new Gr((c^) _1 ) is not separable from A(<5i) by apot(n°) set. 

By Lemma 7.4 there are integers n<pand yi^S\ such that (c',' l )^ 1 (y\) and (c^)~ 1 ((Cp)~ 1 (yi)) 
are defined. We set yo := (c' p )~ 1 (yi), so that (c(c' n )~~ 1 c p ) (yo) and (c(c / .)~ 1 c) (yo) are defined and 
equal respectively to (cc~ l c p )(yo) and (cc~ 1 c)(yo). Now note that y\ / (c / p )~ 1 (yi) for each y\ in 
the range of eg. This implies that (c^- 1 (vi) + K)' 1 {(d p T\yi)), ^ 

(c(c' n )- 1 )(y 1 )^( C ( C ' n r 1 c(c' p r 1 )(yi), 

(c(c' n )- 1 c' p )(yo)^(c(c' n )- 1 c)(yo) and (cc~ l c p ) (y Q ) ^ (cc" 1 c) (yo) . □ 

Lemma 7.6 Let Y be a Polish space, n G u, c and c n continuous open partial functions from Y 
into Y with open domain, e £ 2, C e := Unew ^ r ( c 2n+e)- We assume that C° is disjoint from 
C 1 U Gr(c), fe? / Gr(c) C C° n C 1 . 77iera C° is not separable from C 1 fry <a pot(A\) set, and 
C° is not separable from Gr(c) by a pot(Jl\) set. If moreover the domains Dom(c n ) are dense, then 
C° n (Dngij D om(c n ) x 2 W ) is not separable from C 1 n (f] neoj Dom(c n ) x 2 W ) fry a pot(A^) set. 
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Proof. We argue by contradiction, which gives P € pot(Aj ) ). Let G« be a dense G$ subset of 
such that P n (Go x Gi) G A^Go x Gi). The proof of Lemma 3.5 in [LI] shows the inclusion 
Gr(c) C Gr(c) n (Go xGi), and similarly with c„. Thus 



Gr(c) C G° n G 1 n (G x Gi) C G° n (G x Gi) n G 1 n (G x Gi) n (G x Gi) 



c (P n (Go x GO) \ (P n (Go x GO) =0, 

which is absurd. The last assertion follows since we may assume that Go C f] n£ul Dom(c n ). The 
proof of the second assertion is similar and simpler. □ 

Lemma 7.7 There is a tuple ((Yj)^, Go, Gi) such that 

(a) Yo and Y\ are Polish spaces. 

(b) Go = Unew Gr(c n ) C IL; g 2 Yj, /or some Bore/ one-to-one partial functions c n with Borel domain. 

(c) Gi = Gr(c), for some Borel function c : Yo — » Y\. 

(d) Go ?J disjoint from C\, but not separable from C\ by a pot{YV\) set. 

(e) We set Cg := ( U n6w Gr(c 2n+e )) n (n„ 6w Oornfc^), /or e € 2. 77i<?« G^ is disjoint from G \ 

owf no? separable from Gq fry a pot(Al) set, and Gq fl Gq fl (Plnew Dom(c n ) x 2 W ) C Gr(c). 

(/) T«e equality (cc~ 1 c p )(yo) = ( cc n lc )(yo) /lo/cis as soon as the two members of the equality are 
defined and n<p. 

Proof. We set Y { := 2 W and c(a)(k) :=a(2k). 

• We first build an increasing sequence (S n ) neu> of co-infinite subsets of co, a sequence (ipn)neu> of 
bijections, and a sequence (h n ) neuJ of homeomorphisms of 2 W onto itself. We do it by induction on n. 
We set Sq :=0, ipo :=Id w and ho :=Id2". Assume that (S q ) q < n , (tp q ) q < n and (h q ) q < n are constructed, 
which is the case for n = 0. We define a map ip n : uj — s- oj by 



Vn(fc)- 



^~\k) ifki2S n , 
| if A;G25„. 



Note that ip n is a bijection. We set S n +i := ^ n [2w] U (n + 1), which is co-infinite. The sequence 
{S n ) n& to is increasing since S n = ip n [2S n ] <Z S n +i- As SVi+i is co-infinite we can build the bijection 
■071+1 : w\Sn+i — * w \ 2<S , n+i i n such a wa Y th at 4>n+i(k) / ^(fc) for infinitely many k £ S n+ i, for 
each q < n. We set 

c(a)(k) if fee5 n+ i, 

/i n+ i(a)(fc):= < 

k a(ip n+1 (k)) if k£S n+1 . 
As /i n+ i permutes the coordinates, it is an homeomorphism. 

• We set D n := {aG2 w | c(a) / /i Tt (a) A < n h n (a) / /i g (a)}, so that D n is an open subset of 
2 W . We set c n := h n \ Dn , so that c n is an homeomorphism from D n onto its open range, Go is disjoint 
from Gi, and Gq is disjoint from Gq. 
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Let us prove that D n is dense for each integer n. Note that D = {a G 2" | 3/cGw a(2k)^a(k)}, 
which is clearly dense. Now D n+ i contains 

{«e2 w | 3k<£S n+1 a{2k)^a(^ n+1 {k))}n f| {aG2 w | 3k(£S n+1 a{^ n+1 (k)) ^a(^(fc)) }. 

The set {a G 2 W | 3fc £ S n+1 a(2fc) ^ a(^ n+ i(ib))} is open dense since the odd integers are 
in ip n+ i[uj\S n+ i\. The set {a G 2 U \ 3k S n+ \ a(ip n+ i(k)) / a(^ip q (k))} is open dense by 
construction of i/in+i- This proves that D n+ i is dense. 

• Note that Gr(c) C Cq n Cq since c(a)|n = /i n (a)|n, D„ is dense and c is continuous. Lemma 7.6 
proves the non-separation assertions. We also have Cq n Cq n (f] new Dom(c n ) x2 UJ ) CGr(c) since 
c(a)\n = h n (a)\n and c n is continuous. 

• Now it is enough to prove that ch^hp = ch^c if n <p. We have 

f3(k) ifj = 2k£2S n , 



Thus 

c(a)(k) if keS n , 



(ch- 1 c)(a)(k) = c((h- 1 c)(a))(k) = (K 1 c)(a)(2k): 
Similarly, 



c 



(a){ip- l (2k)) if k£S n . 



(ch n l h p )(a)(k)- 



h p (a)(k) if k&S n , 



h p (a)(ij- 1 (2k)) if kiS n . 

Note that S n = <p n [2S n ] C S n+1 , so that 5 n C S p . Thus (ch~ 1 h p )(a)(k) = (ch' 1 c)(a)(k) if k £ S n . 
If kg S n , then 2k $ 2S n and ip n (2k) = tp' 1 (2k) G S n+1 C Sp. Thus 

(c/ lT 7 1 M(«)« = / i p(a)(V'n 1 (2fe))=c(«)(V'- 1 (2fe))=( C / l - 1 C )(a)(A;)^ 

This finishes the proof. □ 

Proof of Theorem 7.1. We argue by contradiction. Note that So is not separable from Si by a pot(II§) 
set since (b) holds. By Lemma 7.2 we may assume that the inequality Si C HqSq x II" So holds. 

• Recall the digraph A 1 in [L5]. If we take X { := 2 W , B := A 1 and B x := A(2 W ), then by Corollary 
12 in [L5], Bq is Borel locally countable, not pot(n5), and B\ = Bo\Bo- It follows that Bo is not 
separable from B\ by a pot(n5) set Q, since otherwise we would have Bo = Q n Bq G pot(n°). 
This implies that ((Xj)j € 2, Bq, B\) satisfies condition (b) in Theorem 7.1. By Lemma 7.3, fi\n'.'s * s 
countable-to-one for each i G 2 and So is locally countable. 
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• Lemma 7.7 gives a tuple ((Y^) ie2 , Co, Ci). Note that [(Yi) ie2 , Co, C\) satisfies condition (b) in 
Theorem 7.1, which gives gi\Zi—> Yi. Lemma 7.3 implies that <?j|n"s is countable-to-one for each 
i G 2. The first reflection theorem gives a Borel set Oj 3 II" So such that U\Oi an d 9i\Oi 316 countable- 
to-one, for each z G 2. By Lemma 2.4. (a) in [L2] we can find a partition (0^) new of Oj into Borel 
sets such that /ji ; and <7ji ; are one-to-one, for each i€2. 

• We set S'J := (U ie2 /i|oJ _1 (^) n ( n ie2 ft) -1 ^), for each ^ G 2, so that S'J is a Borel subset 
of IL e 2 Zi containing S £ . In particular, S' f is not separable from S'{ by a pot(n5) set. We choose 
integers no and rii such that S' Q ' P (IL; e 2 O^.) is not separable from 5" PI (IIj 6 2 O l n .) by a pot(Il5) 
set. We set D £ := (IIj 6 2 /i|ojj . )[<^e n (Jliez O^.)], so that Do is a Borel subset of Bq which is not 
separable from D\ by a pot(n5) set. Note that D\ is a Borel subset of B\ = A(2 UJ ). In particular, 
there is a Borel subset D of 2 W such that D\ = A(D). By Lemma 7.2, Do PI D 2 is not separable from 
Di by a pot(Il5) set. Let hi : D — > Y be defined by hi(a) := (gi o /jPA )(a). Then /ij is Borel, 

one-to-one, and D £ D D 2 QB £ t~) (U ie2 /ii) _1 (C e ). 

• Note that (IL; g2 ^)[A(.D)] i s a Borel subset of C\, which proves the existence of a Borel subset 8 
of Y such that (n ie2 ^)[A(D)]=Gr( C | tf ). Jfy^y'eS, then (y, c(y)) = (h {d), h^d)) and 

(^c(yO) = (M<0,M<0) 
for some d^d! G D. As h\ is one-to-one we get c(y) ^c(y'), is one-to-one and c"<5 is Borel. 

As D P-D 2 C (n i62 ^) _1 (Co) and Di C (n i62 /ij)" 1 (Gr(c| 5 )), C is not separable from Gr(c| 5 ) 
by a pot(n°) set. By Lemma 7.2, C' := Co Pi (5xc"<5) is not separable from Gr(c^) by a pot(Il5) set. 

• By Lemma 7.5 applied to So ■= 6 and S\ := c"S there are n <p and yo G Yq such that (cc~ 1 c p )(yo) 
and (cc~ 1 c)(j/o) are defined and different, which contradicts Lemma 7.7.(f). □ 

Remark. We recover the algebraic relation "g n = g n o g p if n<p" that was already present in Section 
3 of [L5] mentioned just after the statement of Theorem 7.1. 

Theorem 7.8 There is no tuple [{Zi)i e2 , Sq, Si), where the Z; L 's are Polish spaces and So, S\ disjoint 
analytic subsets o/TIj g2 Zi, such that for any tuple ((JQ)j g 2 5 -Bo, B±) of the same type exactly one of 
the following holds: 

(a) The set Bo is separable from B\ by a pot(A.®) set. 

(b) The inequality ((Zi) ie2 , S , Si) C {(Xi) ie2 , B , Bi) holds. 

Proof. Let us indicate the differences with the proof of Theorem 7.1. This time, So is not separable 
from Si by a pot(A°) set. 

• Note that A\ = [j neu Gr(H n ), where H n : N Sn o — > N Sn i is a partial homeomorphism with clopen 
domain and range. The crucial properties of (s n ) neuJ C 2 <UJ is that it is dense and \ s n \ = n. We can eas- 
ily ensure this in such a way that (s 2n ) neuJ and (s 2n+ i) n& are dense. We set B £ :=Unew Gr (#2n+ e )- 
The previous remark implies that A(2 W ) = B £ \B £ . By Lemma 7.6, Bq is not separable from B\ by a 
pot(A°) set. So here again fi\n"s is countable-to-one for each i G 2, and So, Si are locally countable 
by Lemma 7.3. 
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.Lemma 7.7 gives a tuple ((fl^ Gr(c„), 2") , C °, C^j . Note that ((f^ Gr(c„), 2-) , C °, Cp 1 ) 
satisfies condition (b) in Theorem 7.8. 

• We change the topology on 2 W into a finer Polish topology r so that the sets f"O l n . become clopen 
and the maps (/j|o« ) _1 become continuous. Now 

AT' n~D^ T2 C~Ehn7h = (B U A(2 UJ )) n (B 1 U A(2 w )) = A(2 tJ ). 

2 2 

So there is a Borel subset D of 2 W such that AT n D~T = A(D), and D C f|. g2 //' O^.. 

• Let us prove that Do (~l D 2 is not separable from D\ n D 2 by a pot( A] 1 ) set. 

We argue by contradiction, which gives P€pot(A5) such that D n D 2 CPCD 2 \Di. The sets 

2 2 

73o" r n (-iD x 2 U ) and 73^ n (-D x 2 W ) are disjoint, pot(n ( j ) ), so that they are separable by A^ in 

pot(A ( | ) ). Similarly, there is A r Spo^A?) which separates D n (2 w x-D) from Di n (2 w x-D). 
Now 

D CPU (D n (^Dx2 w )) U (D D (2 w x^D)) CPu(A,fl (^Dx2 w )) U (A r n (2 w x^D)) C ^Di 
which is absurd since Pu(A,n (->D x 2 U )) U (A r n (2 U x -.D)) €pot(A§). 

• Let us prove that Do n D 2 is not separable from A(D) by a pot(n°) set. 

We argue by contradiction, which gives Q G pot(II§) such that D n D 2 C Q C D 2 \ A(D). The 
sets Q and A(D) are disjoint, pot(II§), so that there is R in pot(A§) such that Q C i? C D 2 \ A(D). 

r 2 j-2 

The sets Do (~l i? and Di n i? are disjoint, pot(Il5), so that there is S in pot(A°) such that 

2 2 

Do r n i? C S C R\D\ T . But S 1 separates D n D 2 from Di n D 2 , which contradicts the previous 
point. 

• Note that (U ie2 ^)[A(D)] C (7° n D (n„ 6w Dom(c n ) x 2 W ) C Gr(c). We conclude as in the 
proof of Theorem 7.1. □ 
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